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The dual nature of perturbations in causing both transitions and persistent effects is investigated.
A wave vector initially represented in terms of a set of unperturbed eigenvectors is subjected to a
nondissipative perturbation. After a long time, it is assumed that this unperturbed wave vector
evolves into an asymptotic wave vector in which both persistent and transition effects are present.
These two effects are considered separately and the asymptotic wave vector is formally expressed
as an expansion in terms of asymptotically stationary states. A time-operator form of nonrelativistic
perturbation theory which formally is very similar to the resolvent formalism is presented. In a
manner similar to the resolvent formalism, diagonal and nondiagonal contributions to the develop-
ment operator are considered separately. A further classification of the development operator into
asymptotic and nonasymptotic parts is made. This latter form is used to obtain an explicit form for
the asymptotic wave vector, and the asymptotically stationary states are identified.

I. INTRODUCTION

OME time ago Van Hove''? in a series of remark-

able papers emphasized the dual role of per-
turbations in causing transitions on the one hand,
and persistent effects on the other. Persistent
effects themselves also have a dual character,
for under appropriate circumstances, they may be
related to cloud effects with accompanying self-
energy and renormalization, or to dissipative
behavior as in the description of metastable states
or both.

In the next section, we express this dual role
of perturbations by assuming that the effect of a
nondissipative perturbation a very long time after
it has become effective may be represented by a
so-called asymptotic wave vector. To evaluate the
form this physical assumption takes, we develop
a perturbation formalism in the third section,
which is closely related to the resolvent formalism
of Van Hove. The resolvent formalism is based

. 1 LI. Van Hove, Physica 21, 901 (1955), hereafter referred
o as I.

2 L. Van Hove, Physica 22, 343 (1956), hereafter referred
to as I1.

on an integral transform of the development
operator. One calculates the resolvent by a perturb-
ative technique and then returns to the time
representation by means of an inverse transforma-
tion. The resolvent formalism hag many advantages
in collecting terms to identify persistent and
transition effects.’

In the present method, we use a time-operator
technique which is formally very similar to the
resolvent formalism and has many of its advantages.
However, one replaces the performance of an
integral transform and its inverse by a formulation
in terms of time operators and then evaluation
of a formula including time operators. This latter
procedure presents an advantage for certain prob-
lems when the details of the calculation depend
in a complicated way on the analytic properties
of the resolvent on which the inverse integral
transformation must be performed. An example
of this will be discussed in Sec. III.

We use operator techniques provided by Mikusin-

3 See also 8. Teitler and R. F. Wallis, J. Math. Phys. 1,
372 (1960).
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ski in his masterful book." To make sense of the
procedures to follow, and since Mikusinski’s method
is apparently not well-known, we recount here
some basic concepts of the operational caleulus,
referring the interested reader to Mikusinski’s book
for necessary details, further development of his
method, and many applications different from
our own.

Mikusinski starts from an algebra of convolutions.
The convolution {c(t)} of the functions {a(f)} and
{b(t)} is defined by the integral
@) = [ att = Db dr = (@} b0}, (1)
where {a(f)} and {b({)} are functions of class C
which are defined and continuous for 0 < ¢ < o,
Their product is defined to be the convolution.
The convolution product is commutative, associa-
tive, and distributive.

Note that {1} is just the integral operator since,
by Eq. (1.1),

o) = {[ 10 as}-

Further, it can be proved that if {f(t)} and {g(¢)}
are not identically equal to zero, then neither is
their convolution identically equal to zero. This
theorem allows the definition of a unique inverse
operation to convolution. Thus if

{a} = {b}{e},
{a}/{b} = {c}. (1.3)

In general, however, {a}/{b} will not be a func-
tion of class C, so that Mikusinski here introduces
the concept of operator to cover this class. To make
this class useful he defines the following operations
on operators:

1.2)

then

{ta}/{b} = lc}/{d}
if and only if {a}{d} = {b}{c}, (1.4a)
({a}/{oDUc}/{d}) = {a}{c}/{b}{d},  (1.4b)
fa} | fe} _ fa}id} + {b}ic}
o T T g 0 149

where it is assumed that {b} and {d} are not identi-
cally equal to zero and therefore {b} {d} is not
identically equal to zero. The complete analogy
between operators and fractions of arithmetic
allows operations on operators to be performed
in the same way as those on ordinary fractions.

¢ Jan Mikusinski, Operational Caleulus (Pergamon Press,
Ine., New York, 1959)
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We consider some useful examples of operators.
First consider {a}/{1} where {a} is an arbitrary
constant function which has the value « everywhere.
Then {a}/{1} is called a numerical operator and
has all the properties of ordinary numbers and
may be dealt with as such, e.g.,

({e}/1IDHO} = o{f()} = {of@}.  (1.5)

Now consider the inverse of the integral operator
{1} which is denoted by s:

s{l} = {l}s = 1. (1.6)

It follows that if a function ¢ = {a(f)} has a
derivative o’ = {a’(f)}, continuous for 0 < { < o,
then

sa = a’ + a(0), 1.7

where a(0) is not a function but is the value of
the function a at the point ¢t = 0. Thus, for example,

sle”'} = 1 + afe™'},

or

(e} = 1/(s — o). (1.8)
We mean by a rational operator, the fraction

YuS” + or+ +¥i8 + v
88"+ oo ds+ b

where v,,, *** , Yo, 8, *** , 6o are complex numbers
and 8, = 0. Using the operations (1.4) it ean be
shown that if two polynomials of the operator s
are equal, then their coefficients are respectively
equal. From this equality, it may be shown that
the equality of two rational operators remains
valid if s is replaced by any number (real or complex)
for which the denominators do not vanish. Fre-
quently a rational operator may be expanded, but
every such expansion must be individually justified.

In the next section, as indicated previously, we
discuss asymptotically valid contributions to a
perturbed wave vector. The asymptotic wave
vector is defined and its relation to asymptotically
stationary states and their corresponding self-
energies is indicated. In the third section we develop
the present method of perturbation theory. Diagonal
and nondiagonal contributions to the development
operator are obtained in a manner similar to that
used by Van Hove, employing the resolvent
formalism. A further classification of the develop-
ment operator into asymptotic and nonasymptotic
parts is made and expressed in terms of the diagonal
and nondiagonal contributions. In the fourth
section, we restrict ourselves to nondissipative

(m <m), (1.9)
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behavior and find the explicit form of the asymptotic
wave vector. In particular, we identify there the
asymptotic stationary states.

II. UNPERTURBED AND PERTURBED
WAVE VECTORS

We consider a large quantum system charac-
terized by a Hamiltonian

H=H +2\V,

where H° and V are independent of time. The
unperturbed Hamiltonian H° has orthonormal
eigenstates |«) with eigenvalues E . The Schrodinger
equation for a ket state, setting & = 1, is

H® +\V) [¥(t) = i(3/98) |¢(D)).
We may expand |¢(¢)):

2.1

2.2)

9 = [ dasctes, 1) o). 23

At ¢ = 0, we have
90) = [ desclen) fu).

If A = 0, then

24

90, = [ dencle) exp (—iB%,0 ). (2.5)

To treat the case when A % 0, we suppose now
that A jumps from zero to its value A at { = 0,
and [¢(0)) is given by Eq. (2.4). We use the tech-
niques discussed in the introduction to solve the
Schriodinger equation for positive times. Although
we shall develop the perturbation formalism to
include both cloud and dissipative persistent
effects in the present paper, we confine our discussion
to nondissipative cloud effects.

We assume that after a sufficiently long time
the wave vector [¢(t)) evolves from the original
wave vector in the sense that it may be represented
as follows

90) = [ dace ™ e, (2.6
Here the label LT stands for long time. We designate
[¥()) the asymptotic wave vector. While |¥(2))
has the same form as [¢(¢)), given in Eq. (2.5),
it should be noted that E,, is not in general equal
to Y%, and the |a)vr are not the same as the |a).

The asymptotic wave vector [¢(f)) is closely
related to the asymptotic wave packet of Van Hove
I, which is an expansion in which only the persistent
effects are included. The asymptotic wave packet
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|®()) may be written in the form

8(0) = [ dacla)e™ ™ Jahss. @7
Here the |a),s are the asymptotically stationary
states representing the effect of the cloud on the
respective a states. The |a),s are asymptotically
orthonormal and have the properties indicated by
Van Hove, (I, Sec. 5.) Van Hove writes down the
asymptotic wave packets at both ¢ = — o and
t = 4+ «. He then relates the transition aspect
of the perturbation to changes in the spectral
composition of the asymptotic wave packet as ¢
passes from ¢ = — » to{ = + «, thereby identifying
the S matrix.

On the other hand, we are emphasizing the
relation between the asymptotic wave vector
which includes effects of both the transition and
persistent aspects of the perturbation, and the
unperturbed wave vector. We follow directly the
effect of the perturbation on an unperturbed wave
vector after a very long time as it evolves into
what might be termed its ‘“‘dressed” configuration.
In general the |a).r contain both transition and
cloud effects. We denote the states which are
coupled to the a state by transitions as the o star.
We may formally separate cloud and star effects by
introducing the star coefficient operator c,,().
We write

90) = [ doto@e ™ o), (28)

where
c(@) @)t = copl@) ) as. (2.9)

When there are no transition effects, |¢(¢)) must
be equal to the asymptotic wave packet, i.e.,
Cop(a) reduces to c(a).

After carrying through our perturbative procedure
we will be able to explicitly identify c,,(@), |a)as
and E, in a straightforward manner. The quantities
E, may be recognized as the energy characteristic
of the |a),s states and are called the complete
energies. The difference £, — E? may be identified
as the self-energy.

III. PERTURBATION THEORY

We define the development operator A by the
equation

(@) = A [$0)). 3.1)
Using Eq. (2.2), we then obtain
(H° + A\V)A = idA/dt = dA/du, 3.2)
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where u = —it, and we have for notational simplicity
written {f(u)} = f(u). Employing the methods
discussed in the introduction and writing matrix
elements explicitly, we obtain

(S - Ei;)Aaxaa(s) = Aa;az(o)
A [V oeden. B3
We note that A,,,.(0) = 6(a; — a,) and write

1
Ay () = mr?; ey — ay)
+ o [ Veden @ G
s — V.,
We solve Eq. (3.4) using an iterative procedure

equivalent to the time iteration of the development
operator:

Adle, = [/ — Eo )8 — ),  (3.50)
AV ., = V(s — EW)Va,al/66 — ELD], (3.5b)
2
AZ., = s _>\E6;
X [ doaVorer = Vo= 350
s — K., s — kg,
ete. Then,
Al = T 400, (3.5

As can be immediately seen by substituting for
the operators involving s their values as functions
of w = —it and carrying out the indicated convolu-
tions, this iteration procedure is equivalent to
the time iteration of the development operator.
We shall assume convergence for such a procedure.

The s-operator form of the development operator,
Eq. (3.5), is very remindful of the resolvent of
Van Hove. We may be guided by this similarity
in form to consider separately the diagonal and
nondiagonal parts of A.,., It is here that we
diverge from the standard time-iterative techniques,
since their use makes it difficult to identify persistent
effects. We seek to alleviate this difficulty by
writing

Aaras = A% e, + A3, (3.6)

where D denotes diagonal and ND, nondiagonal
part.

Using Eq. (3.5), we may write
43,

1 } 1
= [1 + )\8 — Ez, 252]8 — an, 6(041 - 042), (37)

S. TEITLER

where

AZD, = [Wm, 4+ A2

1 .
X fdaSVazaagTE‘i—a Va,a; + s .]D (38)

has contributions from all iterations for which
the far right- and the far left-hand states are the
same. It should be noted that in defining correspond-
ing quantities, Van Hove does not use the first-order
term AV,., so that his quantities are of order \*.
Also, where we have the time operator (s — EJ)7',
Van Hove has the quantum-mechanical operator
(I — H°)"" where [ is the transform variable.
Define now

EMORS [Wm, + )
1

X fdaavams—;—ﬁa—s Vo + ...]sn, (3.9)
where SD means simply diagonal in the sense
there are no intermediate states equal to the far

left- (or right-) hand state. We may write

(8 - E?Iz)(xGae) .
s — E% — MG,.(8)

AP, = (3.10)

Thus

1

D J U
Aaras = s — E%, — \G..69

Moy — ay). (3.11)

In I and II, Van Hove collected terms in a
different manner than indicated here. He defined
G, not in simply diagonal terms, but in so-called
irreducibly diagonal terms in which all diagonal
components of the intermediate states are also
abstracted out and collected. Then the final expres-
sion is one in which none of the intermediate states
are equal to each other. The physical problem will
determine which expansion should be used, for in
given circumstances one or the other leads to more
rapid convergence of the perturbation procedure.
However it might be noted that, in using irreducibly
diagonal definitions, some care must be employed
inasmuch as terms which do not actually occur
are usually added to compensate for those already
abstracted in any collection of diagonal terms
prior to a given collection as one iterates to reach
the irreducibly diagonal form. For many potentials,
however, this latter difficulty causes no real problem
and for lower-order expansions, in general, there
is no real difficulty. However, for definiteness and
simplicity, we choose to carry through our formula-
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tion assuming that the physical problem of interest
is appropriate to the use of the simple diagonal G..
In general, then, we will make no collections of
diagonal components between intermediate states.
Actually, Van Hove in later work® has also used
the simply diagonal definition for ¢ when the
physical situation indicated its use.
The nondiagonal part of 4,,,, may be written

1w 1

AND - i
ayaaz T ] 0
: s — FE,, s — E,,

(3.12)

where A D_YP  has the same form as A J_2, given
in Eq. (3.8), except that it has contributions from
all iterations for which the far right- and far left-hand
states are not the same. Equation (3.12) may be
put into a suggestive form if all the termsin A p_Y°, ,
with intermediate states diagonal with the far
right-hand state, are abstracted and collected in a

manner similar to Eq. (3.10). Then

1 < RND 1 o e
s — K, LR E°, — \G., (5" (3.13)

ND
Aa;ot; =

where RND means right nondiagonal in the sense
that the term is nondiagonal, but also there are no
intermediate states equal to the far right-hand
state, here a,.

A ., ., now takes the form

Aana, = AB]&: + AND

a0y

A
= [5(041 —a) + — ETL?,:'

1
X [s - xGa,@]' (314

We note that as A — 0, the time dependence of
A ., ., 18 controlled by the last factor in the brackets
and has a value consistent with Eq. (2.5). Com-
parison of the asymptotic wave vector when A = 0
with the unperturbed wave vector leads us to
expect that this last factor in Eq. (3.14) will play
a dominant role in the time evolution of the asymp-
totic wave vector or any vector similar to it in
which dissipative effects are included. We seek a
solution for 4, ., of the form

1
— K% — \G..(s)
+ AL, .19
where [A,].,., is constant in time and [A(s)]24° is

a function of time. We call the first term the asymp-
totic contribution, and the second term the non-

Aﬂxan = [AI]axa:s

8 L. Van Hove, Lecture Notes, University of Washington,
Seattle, Washington (1958).
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asymptotic contribution to the development op-
erator. We distinguish between the two parts
because we expect the closure of |¢(£)) = A[¢(0))
with an asymptotic wave packet, i.e., (P@)|¥(t)),
to have a nonvanishing contribution in the long-
time limit only for that part of |¢()) which arises
from the development due to the asymptotic
contribution. We shall return to this point later
when we discuss the form of [A (s)]3*5

LEX- TN

We may equate Eq. (3.14) and Eq. (3.15) so that
[A1]ara, + [ALLD]s — ES, — MGo,(9)]

A O]

= 6(&1 s — E(‘]xl

From our discussion in the introduction, we know
that Eq. (3.16) is valid when any number (real
or complex) for which the individual terms are
defined is substituted for s. We may then determine

[A4,)a,4, by using the number for which the condition
s—E% — MG, (s) =0 (3.17)

is valid. We label this number E,, and assume
this solution is unique. We shall suppose that
[A]27%3 has no cancelling zero in the denominator.
Also, since it is required that @, # «, in the second
term on the right-hand side of Eq. (3.16), it may
then be shown that E,, cannot equal E% for the
class of perturbations being discussed, so that
this term is defined. This follows since if 2 %0
does not vanish, we expect [e;,) will occur as an
intermediate state in the definition of G,,(s).
If such is the case and any approximation to F,,
can equal E° , there would be an imaginary part
of @,, and hence an imaginary part of the final
E,,. E., with an imaginary part cannot equal E?,
which is real. We may write then

[Al]a,a, = 5(0‘1 - az)

+ s (E..).

T I (3.18)

Let us consider the condition Eq. (3.17) more
closely. We know from Van Hove's work that
G..(s) is holomorphic for s complex, and with
Van Hove, we may assume G,,(¥,,) holomorphic
when G.,,, and therefore E,,, are real. In this latter
case, Eq. (3.17) is equivalent to Van Hove’s condi-
tion for singularity of the resolvent at E,,. The
situation is different when @,,(s) is complex so
that E,, is complex. Then Eq. (3.17) is not equiv-
alent to Van Hove’s singularity condition. Instead
it corresponds to the case when the diagonal part
of the resolvent is bounded and has a finite dis-
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continuity across the real axis. This is the dissipative
case which in practice is usually discussed to re-
stricted order in the perturbation. For example,
one usually treats the case of small dissipations in
the neighborhood of what would have been a pole
on the real axis if the dissipation didn’t exist.’
This leads to the concept of quasipole in the resolvent
inasmuch as the resolvent must be holomorphie
off the real axis. On the other hand, the occurrence
of the zero of Eq. (3.17) for E,, off the real axis
provides no special difficulty in the evaluation of
[s — E°, — AG..(s)]”, except that this term is
defined only for s an operator where G.,(s) is
the time-operator correspondence of its function
counterpart.

Thus to sum up, both the present method and
the resolvent formalism require an investigation
of the analytic properties of G. The resolvent
formalism further requires the knowledge of the
analytic properties of the resolvent itself in order
to carry out the inverse transform and this may
present added difficulties. On the other hand, it is
more cumbersome to use the present method to
treat both positive and negative times together.
In general it will be the choice of problem that will
determine which method is most advantageous.

A further approximation is usually made in the
asymptotic limit. Not only does the time de-
pendence depend on the complete energy in an
essential way, but also it has an exponential form.
This approximation may be expressed in the present
case by requiring that @,, be linear in s. Then in
terms of time operators we may write

[s — EG, — NGo, )]
= (s — E.)7'[1 — \G.,(B.)]™

1
1= \GLL(E)

Here the prime signifies the derivative with respect
to the complex variable s and we have made a
correspondence between G,, in analytic and operator
form. Then the asymptotic contribution to the
development operator has an exponential time
dependence. If there is a dissipative part, it may
be shown that, barring exceptional situations, the
definition of G,.,(s) assures that this will indeed
be a decaying solution. We define the asymptotic
development matrix: :
As 1

Aa;a:(t) = [Al]a,ua 1 —_ )\G;,(Ea,) €

¢ See, e.g., N. M. Hugenholtz, The Many Body Problem
(John Wiley & Sons, Inc., New York, 1959), p. 33.

fe Bty (3.19)

—tEa,t

(3.20)
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We investigate now the nature of [A]325.. To do

ayag

this we return to Eq. (3.14) and rewrite it in the form

Aores = [ e = 2 + =25 222 |

1 1
1 =G (E.)s — E.,

We note that N D_2V2(s) has a form similar to
AG(s) and we assume that it too is linear in s in the
agymptotic limit of ¢ very large. We further assume

it has a derivative at E,, so that

X (3.21)

o) = ZanEL) + 200 (L) — Bl (3.22)
We also note that

1 1
s—E) s—E,,

1 1 1
" E. - E L—E _s—E°]' (3.23)

Then, recalling Eq. (3.18), we may identify [A]}*2,
from Eq. (3.21):

A1, = =

A
aroq s — EO [Ev _ EO ngqi},(Ea.)

+ Zi“fﬂ(Eu,)][l — NG, (E)]

= )‘[A2]a1aqe—iﬁwa‘l, (3'24)

where [A:]a,«, I8 a constant. Closure of that part
of the wave vector which evolves by means of
[A]¥*® with an asymptotic wave packet, provides,
in general, an oscillating term within a sum over
states when G, is nonvanishing and has a real part.
We shall assume that the perturbations of interest
are such that this is the case except perhaps for
a subset of o, states of measure zero. Then this
closure, (®()| [A]*® [¢(0)) is negligible in the limit
of long times. Further, the cancellation of such
an oscillating term when the linerar approximation
is not made is most unlikely, so that we may assume
this closure vanishes in all cases.

It is interesting to note that the form of Eq.
(3.24) also implies that the supposition following
Eq. (3.17), namely that [4]¥*% has no cancelling
zero in denominator, is correct.

A similar perturbation scheme may be carried
out for the adjoint development operator. Thus,
corresponding to Eq. (3.11), we would have

tp
Adxd' =

8oy — (3.25)

a?) ’

1
s + E%, + 2G..(9)
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where now «, is the dummy index and

(_A)gaa(s) = [(_)‘)Vma; + (_)\)2

1
X f dos Vo, ., ST LT,

Similarly, corresponding to Eq. (3.13), we would
have

V+] . (3.26)
8D

1
ST B, 1 g Y

+ND
Aa; @z

1 _
s+ %,

LND
X I‘a;a,

(3.27)
where

N [
1
X fdagva‘a, ._g——ﬁ?: Veres + ...:LND. (3.28)
Here, LND means nondiagonal but also no inter-
mediate states equal to the far left-hand state.
We again seek a form of the development operator
more compatible with the asymptotic wave vector.

We write

Ao = e Wl
+4'ONR, (329
where
[A"ar0n = 8l — ar)
SR8 g (330
Here s = —§&,, satisfies
s+ B, 4+ G (s) = (3.31)

Again we assume the asymptotic limit of an ex-
ponential time dependence, so that

1
s+ K2, + 2G.,(s)

S B
A

eiSa;t}

(3.32)
Here again when dissipative effeets are present,
the properties of G.,(s) generally assure a decaying
solution. We are led then to define the adjoint
asymptotic development matrix:

1

_ 18aut (A
(A )axaa - {6 } 1+ >\9;,(_8m)

[Al]are,. (3.33)
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IV. THE ASYMPTOTIC WAVE VECTOR

We have completed our use of the operational
calculus and deal now with ordinary functions
of time. We investigate the result of the application
of the asymptotic development operator to the
initial wave vector given by Eq. (2.4) in the case
when G,(— §&,) and G.(E,) are pure real, ie.,
when there are no dissipative effects present.
As Van Hove pointed out (see especially I, Sec. 4),
this reality and the assumed holomorphic property
of G,, implies that there are restrictions on the
integrals over intermediate state arising in the
definition of G,. These restrictions are in general
different for different . We will proceed with the
understanding that such restrictions are included
as a matter of course when we specify that G, and
G, are real and holomorphic. Then G.(E,) and
G.(— &,) are equal and real so that E, = &,
is real. Also it follows that —GZ(E,) = §'(— &)
so that Eq. (3.19) and Eq. (3.32) have the same
real factor multiplying the exponential term.

We may write an (unrenormalized) asymptotic
wave vector |Z(1)):

[2()) = 4% [(0)

f d c(a2>e—eEa,t
%1 AG,,,(EO,,)

X [1 + E—if ERND(EJ] laz). (4.1
Similarly we have
c (al)etEalt
= [ dos T Gl
_ypnp 1
X [1 )\P HO — Eax]' (4.2)

We consider first the simple case when the
complete energies of different states cannot be
equal, ie., E,, # E,, unless a; and a, are the same.
Then assuming ¢ is sufficiently large that we may
use Riemann-Lebesgue lemma to eliminate oscillat-
ing terms, we find

=0 | 20 cla)ela)
&0 | 20) = [ de 0,

X [1 - fda3)\21‘

1 1
E?!a —EaEa -

car(—E.)

X ) T

However, we note that
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ML(EB) = [ daNTRR(-E)

1 1
E?x, - Eo( Ea - E?x.

Then Eq. (4.3) becomes

X TUeED. (49

¢'(@)e(w) J

(E(t) | BE(D) = T \(E) ™ (4.5)

Except for the occurrence of the factor
[1 = \G(E)™

within the itegral, Eq. (4.5) has the form of the
closure of an asymptotic wave packet. This is not
surprising since we are dealing with the case in
which a given « state is not coupled to any other
state. To arrive at a formulation in more complete
agreement with the asymptotic wave packet in
this case, we consider the renormalized asymptotic
development matrix

D, = A1 = N\GL(ELDE. (4.6

Then we write the (renormalized) asymptotic wave
vector in the form

F70)

It

D [(©0))

f day laghuaclae 5o,

il

4.7)

where |a),r represents the following states:
la2>LT = N%(Olz)

X I:l + ET:%—}_IE ERND(EM)] lots). (4.8)
Here
Na) = [l = \G, (B, )] (4.9)

represents the so called eigenvector renormalization
factor.

An exactly similar procedure leads us to consider
the (renormalized) asymptotic adjoint development
operator, and allows us to write

(1[/(t)| = fdal vrie | Cf(al)ewa‘t. (4.10)
Here
LT(al’ = N)(alxall
X l:l — )\I‘LND(—E(,I) EE—:IE:] (4.11)

Again we consider the case when the complete
energies of different states cannot be equal. Then,
for ¢ sufficiently large,

5. TEITLER

W [ 90) = [ do'@ed. (412
Thus in this case if we identify [a)rr as [a)ag,
and c(a) as c,,(a), we see that BEq. (4.7) now has
the form of the asymptotic wave packet discussed in
Sec. II. Of course we have yet to show that the
|ayss so identified actually have the properties
of asymptotically stationary states. We will return
to this point later after discussing the more general
case. For the present however, we can note that
the |a)ss defined here are indeed asymptotically
orthonormal as indicated by Eq. (4.12).

It should be emphasized that in obtaining the
property of asymptotic orthonormality, we have
primarily used the Riemann-Lebesgue lemma
rather than the vector properties of the unperturbed
states. In the more general case when complete
energies of different states may be equal, the
Riemann-Lebesgue lemma does not insure asymp-
totically orthonormality of the |a)py and they
cannot be identified with the |ess. In using the
Riemann-Lebesgue lemma there are significant
formal complications related to the fact that the
complete energy restrictions arise only in closure.
These complete energy restrictions lead to non-
vanishing terms only when the complete energies
of the far right-hand and far left-hand states are
equal. This can occur in two ways, i.e., when the
term is diagonal and when the two states belong
to the same star. We may write then

—itEat

e — e D, + N (4.13)

Here the © and 9t project out far right-hand and
far left-hand states, which are respectively diagonal
and nondiagonal, with equal complete energies.
They have the following properties:

1 if far left-hand and far right-

De = hand states are equal to «, (4.14a)
0 otherwise,
1 if far left-hand and far right-
o = hand states are different with
“ same complete energy E,, (4.14b)
0 otherwise,
$a1®qz = 3),“5(01] - az), (4:.140)
DR = ND = 0, (4.14d)
1 if the far left-hand state «,
and the far right-hand state
S 9. = a, are different but have
xrThea equal complete energies, (4.14¢)

0 otherwise.
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With these operators we may write the asymptotic
wave vector in the form

19009 = [ dacte)e™** M@

X {[l + E_—>:—H6 ZRND(Ea)S)a]

A
E,—-H°
We see that the part of the right-hand side of
Eq. (4.15) in the square brackets has the same
properties as the complete |a),r when the complete
energies of different states could not be equal.
We identify it as the asymptotic stationary state,

la>AS =N i(a)

+ ZRND(EQ)SZ&} o). (4.15)

A N
X |:1 + m poh D(Ea)ﬁ)a] ). (4.16)

The last term on the right-hand side of Eq. (4.15)
serves to couple different states with the same
complete energies and clearly should be associated
with transitions; i.e., it determines the « star. Since
ND = 0, we may write

() = f dae'w"'{C(a)

X [1 + rz—gﬁ ERND(E’a)fRa]} ladss.  (4.17)

Equations (4.14) assure us that (¥(¢)[¢(¢)) has
the same value using either Eq. (4.17) or Eq. (4.15).
If we identify the quantity in parenthesis on the
right-hand side of Eq. (4.17) as the star coefficient
operator c,,(c), we see that Eq. (4.17) now has
the form of the asymptotic wave vector assumed
in Eq. (2.8). The properties of ¢,, may be obtained
by considering the closure of the asymptotic wave
packet and the asymptotic wave vector, i.e.,
(®@)|¥(t)). However we have yet to establish that
the |a)ss as defined here have the properties of
asymptotically stationary states described by Van
Hove (I, Sec. 5).
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The form of Eq. (4.16) apparently differs from
that of Van Hove [I, Eq. (5.12)]. Firstly, we have
implicitly allowed for the restrictions over interme-
diate states, whereas Van Hove writes these down
explicitly, Secondly, we have explicitly included
the D operation in our definition, whereas Van Hove
includes it implicitly. These two differences are non-
essential and only a matter of notation. An impor-
tant difference does arise because we have assumed
the physical problem of interest was such that it
was not appropriate to collect diagonal contributions
between intermediate states. However, it is clear
that if we carried through Van Hove’s procedures
with this assumption, we would establish that
|a)ss s given in Eq. (4.16) have all the properties
indicated for asymptotically stationary states by
Van Hove.

It seems worthwhile to emphasize the formal
relation of the present scheme of perturbation theory
with the resolvent formalism. The development
operator and the resolvent are integral transforms
of one another. The present method deals with the
development operator in s-operator form, which
corresponds to the resolvent written in terms of
the transform variable. One is then able, in the
present method, to treat diagonal and nondiagonal
contributions separately, and is concerned with the
mathematical properties of the self-energy in a way
which is equivalent to the resolvent formalism.
However, one is no longer concerned with the
analytical properties of the resolvent itself since
its transform is not needed. For certain problems,
this may be a distinct advantage. However, the
present formulation is somewhat cumbersome in
treating both positive and negative times together.
Thus the choice of problem and perhaps, individual
preference, will determine which method is ad-
vantageous.
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In this paper we show that sets of polynomials in the components of (27 + 1)-dimensional vectors,
solutions of certain invariant partial differential equations, form bases for all the irreducible representa-
tions of the unitary group Usji1. These polynomials will play, for the group Us; 1, the same role that the
solid spherical harmonics (themselves polynomials in the components of a three-dimensional vector)
play for the rotation group Rs. With the help of these polynomials we define and determine the reduced
Wigner coefficients for the unitary groups, which we then use to derive the Wigner coefficients of Us;jyi
by a factorization procedure. An ambiguity remains in the explicit expression for the Wigner co-
efficients as the Kronecker product of two irreducible representations of Uy, is not, in general,
multiplicity-free. We show how to eliminate this ambiguity with the help of operators that serve to
characterize completely the rows of representations of unitary groups for a particular chain of sub-
groups. The procedure developed to determine the polynomial bases of U,;;1 seems, in principle,
generalizable to arbitrary semisimple compact Lie groups.

1. INTRODUCTION

HE purpose of this paper is to determine the

polynomial bases for the irreducible representa-
tions of unitary groups of an arbitrary number
of dimensions, and to use the bases for a general
discussion of Wigner coefficients of these groups.
The reader may immediately ask himself whether
the first part of the program is necessary, as many
of the great names associated with the development
of group theory have contributed to the discussion
of the bases and the subject was masterfully com-
pleted and summarized by Weyl in his book on
Classical Groups.'

To indicate why we think a discussion of the
bases is still important we could compare, for
example, the very clear derivation of the bases
for irreducible representations of the general linear
groups, and hence also of the unitary unimodular
groups, given recently by Hamermesh,® with the
derivation of the bases of the rotation group as
given by Wigner.®

Both the unitary unimodular and the three-
dimensional rotation groups are semisimple compact
Lie Groups, and yet their bases are discussed from
very different viewpoints. For the unitary uni-
modular group, one makes use of its relations with

* Work supported by the Comisién Nacional de Energfa
Nuclear.

t Alfred P. Sloan Research Fellow.

L H. Weyl, The Classical Groups (Princeton University
Press, Princeton, New Jersey, 1946), Chap. IX.

2 M. Hamermesh, Group Theory and Its Application to
Physical Problems (Addison-Wesley Publishing Company,
Inc., Reading, Massachusetts, 1962), Chap. X.

s E. P. Wigner, Group Theory and ils Applications to
Quantum Mechanics (Academic Press Inc., New York, 1959),
pp. 153-156.

the symmetric group to build up irreducible tensors
that constitute a basis. For the rotation group,
one looks for polynomials, the solid spherical
harmonies, that are solutions of certain partial
differential equations invariant under rotation, and
then proves that these polynomials are bases for
irreducible representations.

At first sight it would seem that the procedure
followed for the unitary unimodular groups is by
far the most general, as it can also be extended
to their subgroups such as the orthogonal or sym-
plectic groups in any number of dimensions.

We shall show in this paper that Wigner’s pro-
cedure for the rotation group is equally general.
Specifically, we obtain expressions that can be
interpreted as partial differential equations and are
invariant under unitary transformations, and show
that the polynomial solutions of these equations
are bases for the irreducible representations of the
unitary groups, i.e., we get what could be called
solid unitary harmonies. Furthermore, we show that
these procedures for deriving the bases suggest a
direct way of deriving the Wigner coefficients for
unitary groups, coefficients that have a very wide
range of applications.*

We shall start our discussion by reviewing
Wigner’s work on the rotation group in a language
that makes his ideas generalizable to the unitary
groups.

2. THE THREE-DIMENSIONAL ROTATION GROUP

The group of rotations in a three-dimensional
space of coordinates x, y, z has, as operators asso-

4 M. Moshinsky, Rev. Mod. Phys. 34, 813 (1962).
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ciated with infinitesimal rotations, the components
of the vector

L=(@xp, p=i'V, 2.1
which satisfy the commutation rules
[Lo, L*] = :tL,,, [L.,,, L._] = 2L0;

L. =L, &+ iL, Ly, =L,. (2.2)

We would like to determine the set of polynomials
P(z, y, 2) that would be bases for irreducible rep-
resentations of the rotation group. To characterize
these polynomials we shall first look into the
invariants with respect to rotations, i.e., operators
that commute with L, that we can form from r
and p and in lowest (second) order we have three:

I, =% I,= (1/%)@rp+ pr1)
= -V +3d;, .=y 2.3

These operators form an algebra as all products
and linear combinations of the I's commute with
L, and, in fact, form a Lie algebra as from the
commutation rules of r and p we get

[Io, Io) = FI., [I,,1.]=2I, (2.4

The Casimir® operator for this commutator Lie
Algebra is

P=1I1,+ 10+ 1) = 4%’
+IOV A DEV - D=1 - &, @)

where L* is the square of the vector (2.1). The
relations between L” and I suggests that the poly-
nomials P(z, y, z) forming a basis for an irreducible
representation of R; should be eigenpolynomials
of I which, from the definition (2.5), can be achieved
when

IP = «P, I,P=0. 2.6)

Equations (2.6) imply that the polynomials are
homogeneous of degree [ related to « by®

c= =30+ 9,

and that they satisfy the Laplace equation.
The set of linearly independent polynomials
satisfying (2.6) fprm a basis for an irreducible

2.7

¢ G. Racah, “Group Theory and Spectroscopy,” Lecture
notei,) Inst‘iiute of Advanced Study, Princeton, New Jersey
1951), p. 44.
¢ ¢ The reader may be puzzled by the fact that « is not a
nonnegative integer or semi-integer, but from (2.3) one can
see that I, and I, = (2¢)7(I, — I_.) are non-Hermitian
operators, and so the usual discussion [E. U. Condon and
G. H. Shortley, The Theory of Atomic Spectra (Cambridge
University Press, Cambridge, England, 1935), pp. 46, 47]
does not apply to the eigenvalues of I2, Iy.
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representation, as only multiples of the unit matrix
commute with all the matrices of the representa-
tion.* We would like though to prove this result
in a more direct way which could be generalized
to unitary groups. This can be achieved by using
Cartan’s theorem’ stating that the highest-weight
polynomial in a basis for an irreducible representa-
tion of a semisimple Lie group is unique.

To apply Cartan’s theorem to the rotation group,
we consider the polynomial solution of (2.6) char-
acterized further by the equation

L,P = mP, 2.8)

which can always be applied as L, commutes with
I., I,. We refer to m as the weight of the poly-
nomial.” Because of the commutation relation (2.2),
L.P which also satisfies (2.6), has weight m + 1,
and so the polynomial of highest weight will be
characterized by

L,P = MP, L.P =0. 2.9

We shall now prove by reductio ad absurdum,
that the polynomial solutions of (2.6) are a basis
for an irreducible representation of R;. First, as
the operators I., I, are invariant under rotations,
it is clear that the set of all linearly independent
polynomial solutions of (2.6) form a basis for a
representation of Rs;. Let us assume that this
representation is reducible. We can then choose
linear combinations of these polynomials so that
in the new basis the representation is explicitly
reduced. Each subset of polynomials that is a basis
for an irreducible representation will have a unique
term of highest weight. This would imply existence
of several polynomial solutions satisfying simulta-
neously (2.6) and (2.9) for a fixed «. But from
(2.5) we get

w(x+ 1) = MM + 1) — %,
or I(I+1)=MM-++1), (2.10)
and as both [, M/ are nonnegative, the only possible
solution corresponds to I = M, for which we have
the single polynomial
Pi(z, y,2) = (=1)'[@1 + DV4rPR'1) 'z + 1)’
=1r'Y,(8, o), 2.11)
thus contradicting our hypothesis.
To get the other polynomials of the basis for an
irreducible representation, we can start from the

highest-weight polynomial and decrease its weight
with the operator L., and so the normalized poly-

7 Reference 5, p. 37.
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nomials of the basis can be written as
Pz, y,2) = [(1+ mWP[I — m @D~}
X LU "Pi(z, v, 2)
= r'Y,.(8, o). (2.12)

We shall now use the basis (2.12) to derive
the Wigner coefficients of the R; group.® We consider
polynomials P(r;, r,) in two vectors that are basis
for irreducible representations of independent rota-
tions in r, and r, ie., polynomials that satisfy
the equations

I'P = —3(L + 9P,
IPP = =3, + 3P,

IPP =0
1P =0,

(2.13a)
(2.13b)

where the upper index in the I’s refers to the index
of the veector. We would like to choose subsets
of P’s that would transform irreducibly under
simultaneous rotation of r; and r.. Each of these
subsets will have a polynomial of highest weight
determined by the equation

L,P = IP, L.P =0, (214a,b)

where ’
L,=L" 4+ 1LY, qg= =,0. (2.15)

Using (2.12) we see that the most general solution
of (2.13) and (2.14a) is

P(t;, 1) = Z Ant Y (61, 00

X ré.Ylal-mz(021 ‘p2>! (2'16)

where 4,, is an arbitrary constant. Applying now
(2.14b), we get for A,,, the recurrence relation

Am1+]
A,

- — (h— m)(, + m + 1)
h [(lz — i+ m+ DL+ - ml)] . (217

If we disregard for the moment r;*, r;* and normalize
the polynomial (2.16) with respect to the angular
variables, the A,, will be completely determined
and, in fact, correspond to the Wigner coefficient®

A, = (Lilymid — my | 1), (2.18)

To get now the polynomials of arbitrary weight
in the irreducible representation I, we apply to
(2.16) the descending operator in (2.12) with L.
defined by (2.15). The coefficients of the spherical
harmoniecs in the polynomial of weight m will then

8 Reference 3, p. 192.
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be the general Wigner coefficients and, in faect,
appear in one of the explicit forms proposed by
Racah.’

We have obtained the bases for the irreducible
representations of the R; group, and from it we
determined the Wigner coefficients of R;. The
analysis developed in this section will be generalized
step by step to unitary groups of arbitrary dimension.

3. BASES FOR THE IRREDUCIBLE REPRESENTA-
TIONS OF UNITARY GROUPS

We will consider the unitary group in 27 -+ 1
dimensions denoted by U,;., where j is either
integer or semi-integer.’® This group will consist
of all unitary matrices in a (2j + 1)-dimensional
space. Following a procedure originally introduced
by Schwinger'' for the SU, group, it is very con-
venient to denote the vectors in this vector space
as the creation operators a,,, where y = 1, 2, --- |
27 + 1 is the index of the components of the vectors
and s = 1,2, -+, n, is an index that distinguishes
between the vectors themselves. Under unitary
transformations the vectors a,, transform into

2§+1
a;?s = Ui'a;'
u=1

3.1

The main purpose of this section will be to find
the sets of linearly independent polynomials

P(a:s) = P(Q;Iy G;M Tty a;i»(»ln)s (3‘2)

forming bases for the irreducible representations
of Uzjuse

The initial step in this program should be to
find the operators which play for U,;.,, the role
that L,g = =, 0) of (2.2) play for R,;. For this
purpose we first introduce the annihilation operator
a”, defined by the commutation relations

{a‘“sv a:’s’] = 5i’5sa'-

3.3)

From (3.3) we see that when applied to the poly-
nomial expression (3.2), the annihilation operators
could be interpreted as differential operators, i.e.,

a*, = 9/da,,. (3.4

Furthermore, from (3.3) or (3.4) we have that
when the @, transform as in (3.1), the &*, transform
into

¢ G. Racah, Phys. Rev. 62, 438 (1942).

10 The notation Uy, is used instead of U.,, as in appli-
cations unitary groups frequently appear in relation to the
2j -+ 1 functions in a shell of angular momentum j.

1 J, Schwinger, “On Angular Momentum,” U. S. Atomic
Energy Commission Rept. NYO-3071, 1952 (Unpublished).
V. Bargmann and M. Moshinsky, Nuel. Phys. 18, 697 (1960).
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o™, = > (UHa",, (3.5)

where U" is the transposed conjugate of the matrix
U.

We also introduce the concept of vacuum state
[0) by the definition

a', |0) =0 forall g,s. (3.6)

With the help of |0) we can define the scalar product
of two polynomials of the type (3.2) as

P, P = (0| PP’ |0), 3.7)

where P* is obtained by replacing all @, in P
by a*,, and we use the commutation relation (3.3)
and the definition (3.6) to evaluate (3.7).

We now define the operators associated with the
infinitesimal unitary transformations'® in a space
of 2j + 1 dimensions as

n
e -
eu - Z a“au L}]

a=1

(3.8)

and from (3.3) they satisfy the commutation rules
[er, e . "1=e" 8. —¢e,.."8, (3.9)

which are associated with the generators of Us;...

The operators @, play for the U,,., group
the role that L,(¢ = =, 0) play for Rs, while a,, a”,
have for U,;,, a meaning similar to the one r and
V have for R;. In analogy with the previous section,
we could now ask which are the invariants with
respect to U,;,,, i.e., operators that commute with
the €, we can form from a, and a*,. From (3.1),
(3.5), the lowest- (second-) order ones are

27+1

Cu’ = Z a:aa“a’y (3.10)
p=1
which certainly satisfy
[GA“" On’] = 0, (3.11)

as can also be seen by using (3.3). The invariant
operators that satisfy (3.11) form an algebra, and
in fact, a Lie algebra, as from (3.3) we obtain

[Caa’) Cs"a"’] = (3.12)

When applying functions of the operators (3.8),
(3.10) to polynomials of the type (3.2), we shall
always think of e, C,,  as first-order partial
differential operators in the variables a,; according
to the rule (3.4).

Courr 8arrgr = Cyoryiygrr.

12 M. Moshinsky, “Group Theory and Collective Motions’’
Lecture notes, Latin American School of Physics, México,
1962, pp. 19, 20.

13 Reference 5, p. 29.
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We shall now show that the three subsets of the
set of operators (3.10),

C,, with s<s =2, . n,
C,, with s=1,---n, (3.13)
C, with s>¢ =1, --+n—1,

play for Us;., the same role as I., I,, I_ play for
Rs. This implies proving the following:

Theorem: The linearly independent polynomials of
the type (3.2) that satisfy the equations

C”P = haP; Cu’P = 07

form a basis for an irreducible representation of
U.;.. characterized by the set of nonnegative intergers
[hihe ---] giving the degree of the polynomials in
the components of each one of the vectors a,,.

We shall use Cartan’s theorem for the proof, and
to apply it we first consider the polynomial solution
of (3.14) characterized further by the equations

' P ="kP, up=12 -,2+1,  (3.15

which can always be applied as from (3.9) and (3.11),
the €, commute among themselves and with the
C,,.. We refer to the set of numbers [k, --- ksjii]
as the weight of the polynomial P. If we have
another polynomial P’ of weight [k} --- k%;,,] then
we say that P is of higher weight'* than P’ if in
(B, — k]), --- , (ksjs1 — ki;.1)] the first non-
vanishing component is positive.”

If P satisfies (3.14), so does €,* P, but from the
commutation rules (3.9), P with x < u’ has
Welght [kly Tty ku +1, -, ku’ -1, e ’ k2i+l]
and so it is of higher weight than P. Clearly then,
the polynomial of highest weight is characterized by

eP = K,P, e'P =0,
p< uwiuu =1, 2+ 1.

From the discussion of the previous section we
conclude that our theorem will be proved if the
polynomial satisfying both (3.14) and (3.16) for
a given [h,h, - - -] is unique.”

In a previous paper'® we discussed the most

s < ¢, (3.14)

(3.16a, b)

14 Reference 5, p. 33.

18 This implies that Cartan’s theorem is valid for U,;,,
which is not a semisimple group as tr || €,#|] = H commutes
with all the operators @©,#. The generators of the corre-
sponding semisimple group SUg;;i are constructed by
subtracting (2j + 1)™ Hé&% from €,#, and so give the
same commutation relations (3.9). The polynomial of maxi-
mum weight for SU,;,, is then also given by (3.16). There-
fore, Racah’s proof of Cartan’s theorem (reference 5, p. 37)
will apply to Uz;,: and so we shall deal systematically with
this group rather than with SU,;,,.

16 M. Moshinsky, Nucl. Phys. 31, 384 (1962).
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general polynomial solutions of (3.14) and we
obtained the following results:

(1) The polynomials satisfying (3.14) can, at most,
be functions of the first 25 + 1 vectors a, i.e.,

h, =0 if s>2j+1. (3.17)

(2) The degrees h, of the polynomials in each of
the 2j + 1 vectors a,;, satisfy the inequality

by 2 by > hg 2 +++ 2 hyjn 2 0. (3.18)

(3) The solution of (3.14) can be given in terms
of the determinants

A = 3 [(—D’a0n., - 0], (3.19)
»
(Where p stands for a permutation of s,, --- s,) as
(A ))n hg(Am ha— h, (Aigni haj+a
= (A G
A, A2 Ayl
XZ( )'—I%)"':_T.L~ 1] (320)
Ar ' A Alp 3

where Z is an arbitrary polynomial in the ratios
indicated, subject only to the condition that P
should be a polynomial in a,;.

We now require that the polynomials (3.20)
should also satisfy (3.16). The effect of @,* with
u < u’ on a typical determinant in (3.20) is

e AT, = & AT

<y, r=1,---25+4+1. (3.21)
From (3.21) we see that
erp=L_92 __¢ ,-2 .. .2j+1, (3.22)

Z a(4y/A)
and so Z is independent of the ratio (A./A}). Apply-
ing now @, to this restricted polynomial, we get

P 37
Z 3(AT/ A
so that Z is also independent of (A}%/A}3). Continuing
with G,;* ete., we obtain finally that Z is independent
of all the ratios, i.e., Z is a constant. The polynomial
satisfying (3.14) and (3.16b) is then unique up to
a constant, and denoting it by @, we have

® = (A)h, hz(Alz ha—hs (Al

CP = =0, p=3,---2j4+ 1, (3.22b)

«*27+1 h,,+,
2741

(3.23)
Furthermore, by applying (3.16a) to (3.23) we get
K, =h, K,=h,, - ,K2i+1 = h2i+l- (3-24)

We have thus proved that the set of linearly
independent polynomials (3.20) is a basis for an
irreducible representation of Uj;.,, as the highest-
weight polynomial in this set is unique, and, in fact,
we get the explicit form (3.23) for it.

In the next section we shall indicate how to
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generate all the polynomials for an irreducible basis
from the highest-weight polynomial, using the
lowering operators @, with u > .

4. CONSTRUCTION OF THE BASIS FOR AN IRRE-

DUCIBLE REPRESENTATION OF U,;,; FROM
THE HIGHEST WEIGHT POLYNOMIAL

In Sec. 2 we obtained the highest-weight poly-
nomial (2.11) for R; and then derived the full
basis (2.12) for an irreducible representation of
R, by applying the lowering operator L_ to the
highest-weight polynomial.

We would like to get a similar result for Usg;.y,
ie., to construct the basis for an irreducible rep-
resentation of U,;,, in terms of polynomials

P = q(e)e, 4.1)

where the ®’s are polynomial functions of the
e,” and @ is the highest-weight polynomial (3.23).
From Eqgs. (3.16) and the commutation rules (3.9)
we clearly see that we can restrict ®& to be a function
only of the e, with u > u’. Furthermore, from
(3.11), all polynomials (4.1) satisfy Eqs. (3.14) that
define a basis for an irreducible representation.

We shall give the explicit derivation of ®(C,*")
for the U, group, and then sketch the generalization
of the analysis to any U,;.,. The rows of a basis
for an irreducible representation of a given group
are usually characterized by a chain of subgroups,
e.g., the rows of the basis for an irreducible rep-
resentation ! of R, are characterized by the index
m = 1, , —! which corresponds to irreducible
representations of the subgroup R, of rotations
around the z axis. For the unitary groups, the
natural chain of subgroups* is formed when we
diminish the dimension of the group by one in
each step, ie., for U; the chain of subgroups
will be

U Ui U} Ui Ui 0 Ui 0 0
U, U Uy DU U2 0 D0 U2 0] (42
U U2 U2 0 0 U; 0 0 U

If for physical reasons we are interested in any
other chain of subgroups, for example U, D R,
we could pass from the basis whose rows are char-
acterized by (4.2), to the basis whose rows correspond
to the U; DO R; chain with the help of appropriate
coefficients.*

While the generators of the U, group are €,*
with g, 4 = 1, 2, 3, those of the subgroup U,
in the chain (4.2) will be the subset €}, €, €j,
@;. We could now characterize the rows of the poly-
nomials (4.1) by requiring that they be of definite
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weight in the subgroup U,, which for U, is a condi-
tion equivalent to (2.8) for R;. Because of the
homomorphism between SU, and R; we know
that by applying powers* of ©) to the highest-
weight polynomial in U, we can get polynomials
of any weight in this subgroup. We therefore will
restrict ourselves to characterizing the rows by
the highest weight in U,, i.e., we require that the
polynomials of (4.1) satisfy

CP = [C}, ’R]® + hR® = ¢.P, (4.33)
C:P = [C3, R]® + h®R® = g.P, (4.3b)
CP = [e],®]® = 0, (4.3¢)

where ¢,, g,, being degrees of the polynomial in
the components 1, 2 of the vectors, are nonnegative
integers.

For U, the most general polynomial funetion
®(e") is

®(@") = ; BN (AR (CHU (S

and from Egs. (4.3a,b) and the commutation
relations (3.9) we immediately get

B="th — g+ a. (4.5)

The coefficient of the €,* in (4.4) can thus be

denoted as A,., and applying (4.3c), we get the
recurrence relation

Am+! —_ (h'l - Qx - O!) .

A, e+ g —@t+at2)

The lowering function ®(€,*’) has then the form

®er)

(4.4)

=l — g —a,

(4.6)

_ [ (e;)a(eg)hz—aﬁ-a(eg)hx—m*a ] (4.7)
« Lal{g—@tat+ D! (hi—gi—a)! ]’
and applying it to the polynomial of maximum
weight we get
P = (R((",,,"')(P = {(hz = hy)! (by — ho)!
X (b~ hs + DI [(=ks + ¢)! By — g2 -+ D!
X {—hy+ g)! (b — @)1 (~hs + ¢ + nn
X (@) Ay
X (AG)"T (A"} 48)

which is seen immediately to satisfy both (3.14)
and (4.3). Furthermore, as P is a polynomial, all
exponents in (4.8) must be nonnegative and so we
get the inequalities

2 g2 h 2> q2>hs 20, 4.9

that give well-known restrictions* on the highest
weights of U, contained in U,.
The polynomial (4.8) is then part of a basis
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of an irreducible representation [h.hshs] of U, and
at the same time, the highest-weight polynomial in
a basis for the irreducible representation of U,
characterized by [gq:¢.]. To get all the weights in
U, we notice that from (3.9),

er,

e —e) e (4.10)

satisly the same commutation relations (2.2) as do
L., Ly, L_. From (2.12) we see then that we would
get all weights in U, if to the polynomials (4.8)
we apply the operator

[+ P — DL @)THe)™, (4.11a)

t=%a - @), (4.11b)

From (4.11) we notice that there are 2 + 1 =
¢: — ¢2 + 1 polynomials in the basis for the irre-
ducible representation [h.h.h;] of U; whose row
indices are [q,g.]. As the values of [g,¢.] are limited
by the inequality (4.9), we conclude that the dimen-
sion of the representation is

r=tt—1, -, —t

> N @ — D) =~ b+ 1)

gy=hz Ga=hs

X (b — hs + s — hs + 1),  (d.11c)

which is the well-known Weyl formula for'” U,.

Combining all of the previous results and normal-
izing the polynomials according to the definition
(3.7) of the scalar product, we obtain for the bases
of the irreducible representations of Us, the expres-
sions

Poer = (@) {[( — by + 1)
X (= by + 2)(he — by + DP?
X [y + 2! (ke + DAY
X (A" (AM (ALY,

hihahs
where ®;:0:

Gaar(@) = {llg — @ + D(~h: + @)!
X (b = g+ D=k + g)! (b — q)!
X (=hs+ ¢+ DG — 3 + D1
X [(hy = B! (hy — By + D1 (hy — ho)!

X (s ~ ¢! Gan — 3g> — D7
(e;ﬁ(q;—ua)—r+cx(e§)h:—q,+ex(eé)hz—a;-a]}
X S:‘ [a! (= @ata+ D! (ki —q—a)! '
(4.12b)

17 H. Weyl, The Theory of Groups and Quantum Mechanics
(Dover Publications, Inc., New York, 1955), p. 383.

(4.122)

is the operator
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The polynomials (4.12) are for Us, in the U, O U,
chain, equivalent to the polynomials (2.12) for R,.
As the indices ¢y, ¢,, 7 are associated with Hermitian
operators,* polynomials (4.12) that differ in any of
them will be orthogonal, so that they form a basis
for a unttary irreducible representation characterized
by the partition [h,hohs].

The construction of the basis for an irreducible
representation of Us; from its highest-weight poly-
nomial which was given above, can be immediately
generalized to U,;,;. For example, for U, we would
first get a function ®(e,*) that gives us from the
polynomial of highest weight ®, the polynomials
of highest weight in the subgroup Uj; of U,. This
implies that ®® satisfies equations similar to (4.3),
but where the indices take now the values 1, 2, 3
instead of only 1, 2. Once we have these poly-
nomials, we can lower the weight in U,, but still
have them of highest weight in the subgroup U,
of U, if we apply (4.7). Finally we would get
the full set of polynomials for the irreducible basis
of Uyin the U, DO Uz D U, chain if we apply (4.11).

Another procedure of getting the basis of U,;,,
would be to apply the equations

AD 3 » .

CP = g/P, etP =0, (4.13)
P-<l"’; “1#,=1y21"'2j1

giving the highest weight in the subgroup U,;
directly to the solution (3.20), from which we obtain
immediately

P o= () (A )T (A T

12 ha=qs 1294927 +1\ hajt1
(A12i+1 (A12~--2:’+1) .

4.14)

Equation (4.14) is the generalization to U,;.; of
(4.8), and from it we obtain the inequalities

h2qg2h2q 2 g2 ka0, (4.15)

which, by an analysis similar to (4.11¢), lead to
the general Weyl formula for the dimensionality
of irreducible representations of unitary groups.'’

5. WIGNER COEFFICIENTS FOR THE UNITARY
GROUPS

We have obtained the highest-weight polynomial
@ of a basis for an irreducible representation char-
acterized by [h,hs - - - hyiq] of Usjyq, and we showed
in the previous section how to obtain the lowering
operators with whose help we can derive from @
the full basis. Following the program outlined for
R; in Sec. 2, we shall use these results to derive
the Wigner coefficients of the unitary groups.

Before proceeding on this program, we would
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like to connect the basis for the irreducible rep-
resentations of U,;,, discussed in the previous
sections with the basis for the unitary unimodular
group SU,;.,. An arbitrary unitary matrix can
always be written as the product of a unitary
matrix whose determinant is 1 (i.e., unimodular)
by a matrix

exp (¢8)1, (5.1)

where I is the (2j + 1)-dimensional unit matrix,
and § is an arbitrary real constant. If we apply
the transformation (5.1) to the basis (3.20), we see
that all terms of the basis are then multiplied by

exp (ths), h=h =+ h =+ -+ hyjur. (5.2)

Clearly then, a basis for an irreducible representation
of U,;,; will also be a basis for an irreducible
representation of SU,;.;, but in view of the fact
that the determinant
AN (6.3)
in (3.20) is an invariant under SU,;.,, we have
that all bases of U,;.,, with the same values for

[h1 - h2i+11 hz - h2i+17 ykz:‘ - h2i+1]1 (5'4)

are equivalent under SU,;,,. As the full structure
of the representation is already in SU.,;.,, we shall
restrict ourselves in the following analysis to rep-
resentations of U,;,, in which A,;,, = 0.

We shall now explicitly discuss the procedure
for deriving the Wigner coefficients for the U, group
and later sketch the generalization of the analysis
to any U,j;.;. According to the remarks of the
previous paragraph, for U; we can restrict ourselves
to partitions in which the third integer is zero and
so the basis for two irreducible representations
could be characterized by [hh0] and [h;h0],
respectively. For short, we shall denote the rep-
resentations by [A{h}] and [Ah}h], and the poly-
nomials for their bases are given by (4.12) in which
we denote the corresponding vectors by az, @, and
@, 0., respectively.

From the theorem of Sec. 3, the most general
polynomials in the four vectors a,\, s = 1, 2, 3, 4
that transform irreducibly, according to the parti-
tions [R{RS] and [RA]], in the first two and the
last two vectors, satisfy the equations

C,P = WP, CyuP = P, C,P = 0, (5.5a,b, c)

CssP = WP, CuP = hP, C,P = 0. (5.5d, e, )

Equations (5.5) are, for U,, equivalent to Eqgs. (2.13)
for Rs.
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We should like now to choose subsets of the P’s
that transform irreducibly under simultaneous
unitary transformations on all four vectors a.
Each of these subsets will have polynomials of
highest weight determined by the equations

eP =hP, e*P =0,

p<u; wu =123, (56a,b)
where
4
et = 2 aha,. (5.7
s=1

Equations (5.6) are then, for U,, equivalent to
Eqs. (2.14) for R;. The operators €, associated
with the infinitesimal transformations of U; involve
now all four vectors, i.e., the index s in (5.7) goes
from 1 to 4.

Following the outline of Sec. 2, our next objective
would be to find the polynomial solutions of Egs.
(5.5), (5.6). We shall do this in full detail in the next
section where we shall also discuss the problem
of the multiplicity of solutions and the way of
distinguishing between them. For the moment we
assume that we have the polynomials P(a,;) sat-
isfying Eqs. (5.5) and (5.6), which we furthermore
normalize according to the definition (3.7) of the
scalar product. Applying to these highest-weight
polynomials, the lowering operators & of (4.12),
we can construct the polynomial of arbitrary
weight:

Puar(a, a5, an, ai) = G (€)P(a;).  (5.8)

The Wigner coefficients of U, are then given by
the scalar product of (5.8) into the polynomial

P:: :2: :2’(a:1 ] a;2)P:: ,'}'.;;(')’r’ ’<a:37 a:4) ] (5'9)

where each of the factors in (5.9) is given by (4.12).
These coefficients will also be Wigner coefficients
for SU, and, in fact, the general Wigner coefficients,
as the partitions in SU; have at most two rows.

It is convenient to define the concept of reduced
Wigner coefficients which will provide us with a
factorization procedure for the Wigner coefficients
of unitary groups. We first introduce the polynomial

ha'ha’ ha'hs’ + + + +
Ha:’aa’.q:”aa“.a:qar(aulv Qpzy A3, awi)

= 2 (g — DL — @D | Ma — )7

e,
X Piiaiin(an, an)Pet, (ais, ¢}, (5.10)
where (|) stands for the usual Wigner coefficient

in SU,. The reduced Wigner coefficient is then
defined by the scalar product
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(hih3qiqs, RaRAQY @b hahohs, G2
= (Phitiaw, Do e e avgta-an),  (8:11)

where we have taken r = 1(q; — ¢.) in both poly-
nomials, since from (5.8) and (5.10) they are bases
for irreducible representations of SU,, and so,
their scalar product'® is independent of 7.

Because of the orthonormality property of the
Wigner coefficients of SU,, we could express the
product (5.9) in terms of (5.10) and therefore,
the Wigner coefficients of U; could be expressed
as a product of the reduced Wigner coefficients
(5.11) and the Wigner coefficients of SU..

The generalization of the present ideas to Ujji,
is straightforward. Again, as the structure of the
group is given by SU,;,,, we restrict ourselves to
two representations characterized by the partitions
[Rihs - -+ RLl, [Rh;ihdies - -+ BL;]. The polynomials
in 4;j vectors must now satisfy equations similar
to (5.5), where in the first set s, s’ = 1, 2, --- 2j
and in the second, s, 8 = 2§ + 1, --- , 4;. We
get the polynomials of highest weight by requiring
that they also satisfy (5.6) with g, u'=1,2, --- 2j+1
and where, in the definition of the €, in (5.7),
we haves = 1,2, --- 44

At this step, instead of applying the full lowering
operator for U,;,,, equivalent to ®“*:*:(e,*) of
(4.12) for U,, we apply the operator in U,;,, that
lowers to maximum weight in U,;, equivalent to
®(e,) of (4.7) for U, The polynomials thus
obtained would be part of a basis for an irreducible
representation of both U,;,, and its subgroup
U.;, but of highest weight in the latter, i.e., they
represent, for Us,;.,, what (5.8) with r = 1(q, — ¢2)
represents for U,.

As the polynomials associated with the partitions
(b +-- A%l [hS;,y -+ hi] have their rows labeled
by the chain of subgroups U,; D U, -+ of
Usisy, we could use the Wigner coefficients of U,; to
construct, from the products of the two polynomials,
one of highest weight in U,;. For U,;,; this would
be the analogous polynomial to what (5.10), with
7 = 3(¢: — @) is for Us.

The reduced Wigner coefficient for U,;., will
then be defined by the scalar product of the poly-
nomials mentioned in the two previous paragraphs.
The full Wigner coefficients of U,;.;, which, as in
the case of U, and SUs, will be the most general
Wigner coefficient of SU,;.,, can then be factorized
in terms of products of reduced Wigner coefficients

Of U2i+l; Uz,‘, ete.

18 Reference 3, p. 115.
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6. DETERMINATION OF THE POLYNOMIAL
SOLUTIONS

The remaining problem we had for the Wigner
coefficients of Us;, was to determine the polynomials
satisfying (5.5) and (5.6). We shall first see that
this problem can be reinterpreted in a way that
shows the existence of, in general, more than one
linearly independent solution, which implies that
the Kronecker product of two irreducible representa-
tions of Uj; is not multiplicity-free, i.e., each irre-
ducible representation contained in the product may
appear more than once.

We notice from the commutation relations (3.12),
that C,,. with s, ' = 1, 2, 3, 4 could be considered
as operators associated with the infinitesimal
unitary transformations in a four-dimensional space
of the vector indices. From (3.11) we can then
interpret €, as the invariants associated with
the operators C,,.. We can now interchange the
interpretation given to the indices x and s in a,,
and Eqgs. (5.6) and (5.5) tell us that we are looking
for the polynomials in a basis for an irreducible
representation of U,, characterized by the partition
[A1fohs], in which the subgroups U,, whose generators
are Cp, Cyy Csyy Coy and Ca, Casy Cus, Cuy re-
spectively, are explicitly reduced so that the poly-
nomials correspond to highest weight in these
subgroups.

We could characterize the rows for the irreducible
representations of U, by different chains of sub-
groups; for example,

U; 0
00

) U4 D U4 D R47 etc‘!

v, [
(6.1a, b, ¢)

U, 0]
0 U,

but, as was discussed in Sec. 4, only in the case
(6.1a) will the subgroups completely determine the
rows.*' As in our present problem the subgroup
is the one in (6.1b), we will need, besides Eqgs. (5.5),
some other operator equations to define completely
the polynomials.

The restatement of the problem that we achieved
for U, can clearly be extended to U,;,,. The equa-
tions corresponding to (5.6) and (5.5) for this case,
tell us that we are looking for the polynomials in
a basis for an irreducible representation of U4,,
characterized by the partition [hh; --- hy;i,], 1
which the subgroups U,; whose generators are
C,, withs s =1, --- 24, and C,, with s, s =
2j + 1, , 43, are explicitly reduced, the poly-
nomials being of highest weight in these subgroups.

(192‘1\)/' Bargmann and M. Moshinsky, Nucl. Phys. 23, 177
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By the same reasoning as in the previous paragraph,
we conclude that these polynomials are, in general,
nonunique, ie., the Kronecker product of two
irreducible representations of U,;., is not mul-
tiplicity-free.

We shall now proceed to obtain explicitly the
solution of (5.6) and (5.5) making use of this
reinterpretation. In Sec. 3 we indicated that the
polynomial (3.20) was the most general solution
of (3.14). If we now want the most general poly-
nomial solution P of (5.8), we only need to inter-
change the roles of the upper and lower indices
in the determinants in (3.20) to obtain

= (A (AR A
A A AL AR Ay A
Saba Al e
where Z is an arbitrary polynomial in the ratios
indicated, subject only to the condition that P be
a polynomial in the a,;.

We now apply Egs. (5.5) to (6.2). We start
with (5.5¢) where, since C;, changes upper index
2 into 1, we get

XZ(

v p_P__0Z _
Col =7 a(Al/AY) 0,
or P independent of (A}/A}). (6.3)

We then make use of the following identities between
determinants:
AjAY; —

ATAL = ALAY, (6.4a)

AnAlz — ABRALS = —ALANGS,  (6.4b)
to express the ratios (Aj;/Al2), (Al2i/A!2) in terms
of the ratios already present in (6.2) and of (A%f/Al2)
and (A}%/Aj3), so that the P that satisfies (6.3)

can also be written as
P = (a)" M) an)™
Al AL Al A%ié)
X Z( A: ’ Ag ’ A12 ’ Ai:g . (6-5)
Applying now (5.5f), we see that as Cs, changes
upper index 4 into 3, it implies that Z is independent
of (A}/A}). We now expand the polynomial Z
of (6.5) in powers of the four remaining ratios
and apply Egs. (5.5a, b, d, e), which just indicate
that the degrees of the polynomial in the components
of the vectors a,, are &l, s = 1, 2, 3, 4. Only three

of these four equations are independent as

4 3
Z Cax = Z e“H’
8=1

p=1

(6.6)
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and so the integer exponent in one of the ratios,
say (A5;/A1D), is still undetermined and will be
denoted by ¢. The most general solution of (5.6)
and (5.5) becomes then

P= 2 BP, = (A"
X 22

q

X (AT (AT (A T,
where B, is an arbitrary constant.

We now have two cases to discuss, the first one
when

hs’—he”

Q(Al)hx —h;«s—a(Al)h;vhx —G(Alz ha'the’—hs—q

(6.7

hy — hi — Rt 20, (6.8a)

where we shall get polynomial solutions P, for
all ¢’s for which the exponents in (6.7) are non-
negative, i.e., for ¢’s satisfying the inequalities

he — h{ < ¢ < by — A,

hi— hy < g < by -+ ki — hs, (6.8b)
0<g< b
The second case corresponds, of course, to
— ki —h{ <0, (6.92)

and then the B./s must be chosen in such a way
that the polynomial expression in (6.7) is divisible
by the appropiate power of A}, We shall show
how to find these B/s by first remarking that the
P of (6.7) can be written as a product of given
powers of the determinants multiplied by the
polynomial

A A34A123
2By, where y= (gt (610)
By using the identity
AiAg; = AigAig - Aigélsg (6.11)

and an equivalent one for A}Aj3;, we can write y as
y = —1-+ (A)(AlAZALD ™, (6.12)
where

8 = AjZAY; — ALAL. (6.13)

As the B/s are so far arbitrary, we can rewrite
the expression (6.10) as

(@ 4 rrre Z Bly°, (6.14)

where, from (6.9a), the exponent of (1 + %) is
positive. Replacing (6.10) by (6.14) in the poly-
nomial (6.7), we obtain an alternative expression
for this polynomial:
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P= X} BP, = g"rhh
X 20 {ByAp TR A T AT
X (Al (A T (A M T (6.15)

From (6.9a), the exponent of s is positive, and
we shall therefore get polynomial solutions P’, for
all ¢’s for which the exponents in (6.15) are non-
negative, i.e., for ¢’s that satisfy the inequalities

he — b < ¢ < hy — B,
Ry — ks < ¢ < h§ — hs,
Osqshg—hg-

The inequalities (6.8) and (6.9) can be interpreted
in two ways. First, if hjhj, hjh; are given, then
we have polynomial solutions for all hh.hy for
which there is, at least, one ¢ that satisfies the
inequalities (6.8b) or (6.9b), depending on whether
hs — h{ — hi is nonnegative or negative. These
inequalities are then equivalent to Littlewood’s®
rules that give us the irreducible representations
[hhshs] of U, contained in a Kronecker product
of the irreducible representation [h{RS], [hiRS]. If
there is more than one ¢ satisfying the inequalities,
it follows that there is more than one linearly
independent highest-weight polynomial correspond-
ing to the irreducible representation [h,hshs], i.e.,
the Kronecker product is not multiplicity-free. As an
example of the application of the inequalities,
we obtain the following expansion for the Kronecker
product:

(6.9b)

[21] X [21] = [42] + [33] + [411]
+ 2[321] + [222], (6.16a)
or
{21} X {21} = {42} + {33}
+ {3} + 2{21} + {0},  (6.16b)

where the square brackets correspond to rep-
resentations of U, and the curly brackets to SU,
in which all columns of three rows are supressed.
Another interpretation of the inequalities (6.8)
and (6.9) is obtained when we consider h,h.h; as
given. In this case there will be polynomial solutions
for all hhj, hih; for which there is, at least, one ¢
that satisfies the inequalities (6.8b) or (6.9b),
depending on whether k, — h, — & is nonnegative
or negative. This then gives us the irreducible
representations of the U, subgroups in the chain

26 D, E. Littlewood, The Theory of Group C’hamciers (Ox-
ford University Press, New York, 1940), p.
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(6.1b) contained in an irreducible representation
[hihohs] of U,. If there is more than one ¢ satisfying
the inequalities, it implies that the rows of the
representation [h.h.h;] of U, are not completely
determined by this chain of subgroups.

What happens to the reduced Wigner coeflicients
in the case when we have more than one ¢ satisfying
either (6.8) or (6.9)? The answer is that we will
have as many linearly independent polynomials P
in the sealar product (5.11) as we have values of g,
and so in the Wigner coefficient we must add a
symbol ¢ which distinguishes between the linearly
independent bases for equivalent irreducible rep-
resentations. This would be a natural way to char-
acterize the Wigner coefficients, but it has the
disadvantage that the coefficients will not satisfy
orthonormality properties in the index ¢, as the
polynomials corresponding to different ¢’s are not,
in general, orthogonal.

To have polynomials of highest weight that will
be orthogonal, we could again turn to our re-
interpretation of Eqgs. (5.6) and (5.5) and ask how
could we completely characterize the rows of an
irreducible representation [h,h.h;] of U, in which
we take the chain of subgroups (6.1b). A problem
of this type was already considered by Bargmann
and Moshinsky' when discussing the bases for the
irreducible representations of U; in the chain
U:; O R;. Following the reasoning developed in
that paper, we need Casimir® operators of the
subgroup that are formed from the generators of
the full group. In this case we must look for Hermitian
polynomial functions of C,,, s, 8 = 1, 2, 3, 4 which
will commute with the generators €y, Ca, Cay, Caa,
and Cys, Cas, Cus, Ciq of the two U, groups in the
chain (6.1b). The operators must be independent
of the Casimir operators either of the full group
U, or of the subgroups U,, since for these, from
(5.6) and (5.5), the P,, P, would already be eigen-
polynomials with eigenvalues independent of q.

A systematic procedure for finding these operators
will be to consider polynomial functions of increasing
degree in the C,,.. It is easily seen that there are
no polynomials of first and second degree that
satisfy the requirements of the previous paragraph.
For the third degree, a polynomial of the C,,
satisfying the requirement is

2

>

8,8",8""' =1

X = Cs+23’Ca’a”Ca”s+2y (6°17)
and it is possible to show that any other poly-
nomial of third degree in the C,, that satisfies

the same restrictions can be expressed in terms
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of X and the Casimir operators of U, and its sub-
groups Us,.

Will the operator X completely define the rows
of the representation [h;hshs] of U, in the chain
(6.1b)? To answer this question we again follow
the procedure of reference 19 for the U; O R, chain.
We first apply the operator X to P, or P/, depending
on whether h, — &} — hj is nonnegative or negative,
and we obtain straightforwardly

> B.P.,

2 BLPY,

XP, = (6.18a)

XP, (6.19a)

where the @’s are only different from zero for
r = ¢ %1, ¢ and for those cases

Borre = —(h — hi — @(h; + ki — ks — @)(hi — @),
Boe = (n — bl — @b + hi — by — @)

X (hi—h+ 1+ ¢ + glhs — hi + ¢

XM —hi~hi+14+9+ R+ 93

X = k)R — e + 1+ ¢

+ g —hs +1 -l + R+ 1)

X [(h; + A — hs+ 1 — @)y + by — b — b — q)
+ hilhs — AL + 1 + 9],

Ba-1a = q(hi — hy + Q)(hs — ki + @), (6.18b)

and

Bc’!+la = _(hé — by — Q)(hz — h; — Q)(hz — k) — Q)y
Bea= (M — hy + ¢ + D[@hs — hy — Rf 4+ 29)q

+ (h§ — ha)(hi — B — hi + 2hy — hy — q + 3)]
+ (he — by — g + D[] — b} + 2)q
+ (b — bl + D(hi — ks + hy — )]
+ (ke — By + D(hs — hi)(hs — Bi + ¢ + 1)
+ (B + hi — B[R] + hb — by + ¢ + 2)
X (b + hi — hy + 3) + (b ~ ha)(R — hy)
+ (he — R)(hs — BY) + (B§ — hs + ho — RS)
X (hy — hs + 2)],
Be-1e = ¢lhs — bl + @b — hy, + ). (6.19b)

From (6.18b) we see that the 8,, have the following
properties: First, if we denote by ¢/, ¢’ the minimum
and the maximum value of ¢, according to the
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inequalities (6.8b), then
Be-1e = 0 for q= q, (620&)
Bei1e = 0 for ¢q = ¢”,

so that the sum in (6.18a) ranges over the r in the
interval ¢ < r < ¢’ as it should. Second, in the
allowed range,

Boarr # 0. (6.20b)

From (6.19b), similar properties hold also for g,.

The properties of the 8,, of the previous paragraph
allow us to show, by exactly the same reasoning
as in reference 19, the uniqueness of the poly-
nomial solutions of

XP, =X > (B.P) =x 2. (BP), (621)
where the B,, x satisfy the linear equations
2 BB, = XB.. (6.22)

r=g’

A similar result holds of course for P!, 8.

The operator X completely defines the rows of
the irreducible representation [hhhs] of U, in the
chain of subgroups (6.1b). We could then, instead
of the polynomials P, P/, use the polynomials
P,, P! defined by (6.21) and (6.22) and the cor-
responding expressions for P!, 8,.

The reduced Wigner coefficient (5.11) could then
be written

(hihiqiqs, hahiql’ gi")mhoha, igsx),  (6.23)

and as the operator (6.17) is Hermitian, we have
the orthonormality properties with respect to index
x guaranteed.

The problem of the reduced Wigner coefficients
of U, is then completely solved. The scalar product
(5.11) may present some difficulties as regards its
general evaluation, but at least for the case when
ki = 0, [which is multiplicity-free, as from (6.8b),
g = 0] it has been explicitly carried out giving the
algebraic expression (3.25) of reference 4.

For Us;.y, the analysis is, in principle, the same.
The polynomials in 4j vectors satisfying (3.16a, b)
would have the form (3.20) in which the role of
upper and lower indices in the determinants is
interchanged. The polynomial Z depends then on
(35 — 1)(2§ + 1) ratios. The equations equivalent
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to (5.5) for the Us;., group will be 2j(2j + 1) in
number, and as

Z Cau

pe=l 3=1

(6.24)

one of them is redundant. We expect therefore
to need

(G—-DE+1+1

commuting operators of the form X, to completely
define the bases. While a procedure similar to the
one followed for U, could determine these operators,
no general technique for deriving them a priors is,
as yet, available.

(6.25)

7. CONCLUSION

In the present paper we obtained the bases for
all the irreducible representations of unitary groups,
and from them developed a procedure for evaluating
their Wigner coefficients. Can the present analysis
be extended from the unitary group to its subgroups?
The generators of the subgroups will be linear
combinations'® of the €,*" of (3.8) and a suggestive
procedure would be to look for the invariants with
respect to these generators. If the invariants,
which necessarily include the C,,. of (3.10), form
a Lie Algebra, we could classify them in three sets
similar to (3.13) and characterize the bases as
in (3.14). In fact, we could say that this procedure
was actually followed in Sec. 2 for the subgroup
Rs; of U, This extension is being investigated
so as to determine the bases for all irreducible
representations of the semisimple compact Lie
groups. From the bases we could then obtain the
Wigner coefficients, and, by a recoupling procedure,
the Racah coefficients® for these groups—a general
program which, from another viewpoint, has also
been initiated by L. C. Biedenharn.*
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The weights of spin components involved in a single-determinant wavefunction are obtained.
The behavior of the weights for a system of a large number of electrons is discussed.

1. INTRODUCTION

SINGLE-determinant form for wavefunctions
has been used extensively in the quantum
mechanics of many-electron systems.

In the usual Hartree-Fock method, single-
determinant wavefunctions are used with a restric-
tion that two electrons with spins @ and g are put
into the same space orbital. A single-determinant
wavefunction with this restriction is an eigenfunction
of the total spin operator S°. The Hartree-Fock
method has proved to be very useful in the theory
of atoms, molecules and solids.

In the unrestricted Hartree—Fock method, single-
determinant wavefunctions without the above-
mentioned restriction are used. This allows us to
treat, in a compact form, the exchange polarization
and the correlation of electrons with antiparallel
spins. However, the unrestricted Hartree—Fock
method has a disadvantage. Wavefunctions used in
the method are in general not eigenfunctions of
the total spin but are linear combinations of eigen-
functions which have different eigenvalues.

It is of some interest to see how much of each
spin eigenfunction is contained in the single-
determinant wavefunction.

2. FORMULATION OF THE PROBLEM

Any antisymmetric wavefunction of an N-
electron system can be written in the following form:

<§<£1: 52) T .y EN)

= Q[¥(r, 15, - - 2.1)

’ rN)G)(O'l’ O2y """ UN)]’

where £; stands for the space and spin coordinates
r; and o, respectively, of the 7th electron. @ is the

* This work was sponsored in part by the King Gustaf
VI Adolf’s 70-Years Fund for Swedish Culture, Knut and
Alice Wallenberg’s Foundation, the Swedish Natural Science
Research Council, and in part by the Aeronautical Research
Laboratory, OAR, through the European Office, Aerospace
Research, United States Air Force.

11 The authors are on leave of absence (1961) from De-
partment of Physics, University of Tokyo, Tokyo, Japan.

idempotent antisymmetrizing operator. By using
permutation operators P and their parities ep, the
antisymmetrizing operator @ is expressed as

1
@ =7 3 epP. (2.2)

The wavefunction ® is in general a linear combina-
tion of pure spin states,

&= ) &g u, (2.3)
S, M

where &5, is an eigenfunction of $* and S, with

the eigenvalues S(S + 1) and M respectively

(A = 1).

This decomposition is of physical importance if
the Hamiltonian does not involve spin operators.
An expectation value of a spin-free operator f can
be expressed as

<f> = g—"]%) = S% ws,M(f}S.M; 249
where
v = BB 5 0 (Fugu =1, @9
and
<f>S.M = <‘I>s,.u, f@s,MV(‘I’s.M: q’s.M)v (2-6)

when (®g,1,P5.x) is not zero. When the Hamil-
tonian of the system is spin-free, we have

E= Y wsulls u. 2.7)
S.M

This equation shows that at least one of the energy
expectation values Eg » is lower than E unless
all Es » are equal to E. By selecting from & a
suitable spin component ®4,,, we have a wavefunc-
tion which is not only a spin eigenfunction but
which has a lower energy expectation value.

The analysis is also useful in interpreting the
function &, (2.1). This is in some cases (e.g., a
single Slater determinant) much easier to handle
than its components &5 5. If we know the values
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of wg,» and (f)s.x, we can better interpret the
nature of the simple form (2.1). One of the basic
problems here is to determine the weight ws, .

In the following we shall investigate a special
case in which the spin part © of the wavefunction
(2.1) is a simple product of spin functions v:(s.)
which are either a(o;) or 8(c:):

O(cy, o2, **° (2.8)

The spin function © is an eigenfunction of S..
If we denote the number of @ and 8 functions in
(2.8) by N, and N, respectively, the eigenvalue
of S, (M) is expressed as

M = }(N. — Ny. @2.9)

In order to evaluate ws,y, it is convenient to
introduce the spin operator Og,» Wwhich projects
out the component of the pure spin state:

[s* — S(8 + Dlos.x = 0,
[Sz - M]OS.M = O)
ZGS,M = 1.

8,.M

We note that this operator works only on the spin
part of a wavefunction. For any wavefunction

P = ZC;‘I’,‘(rl,rg, e

’ O'N) = ')’1(‘71)72(0'2) te 'YN(U'N)-

(2.10)

’ rN)@,'(O'], T2y " "° UN)!

Og.u® is expressed as
OS.M‘I) = Z Ca‘I’i(Os,M@i)-

Since the wavefunction under consideration is
an eigenfunction of S, with the eigenvalue M, we
shall drop the subscript M in the following unless
it causes some ambiguity.

The weight wg for the wavefunction ® can be
written as

(0P, 058) _ (¥0, 050¥0)
(&, )  (¥O, A¥O)

E ex(¥, PU)O, 0,P'0)
= Sowrvere MW

P

wg =

where P? and P’ denote the corresponding permuta-
tions of the space and the spin coordinates re-
spectively. Similarly we obtain the expectation
value of a spin-free operator f,

_ {05®, 1953 _ (¥8, f0,G¥0)
s = (0.®, 0s8) (¥, 050¥O)

3 (¥, PUXO, 0,P"0)
B > ex(¥, PUYNO, 05P°0) ) (2.12)
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We shall derive an explicit formula for (®, 94P°©)
in the next section. In Secs. 4 and 5, the weights
wg derived from a single Slater determinant are
given, and the behavior of the ws values for large
N is discussed.

3. CALCULATIONS OF (0, 9sP°©)

Because we assumed the form (2.8) for the spin
part ©, for any permutation P we can find a permuta-
tion Q(P) which brings ® and P’0 into the following
forms:

Q0 = a(Da) -+ aoln + M)B(n + M + 1) ---

X B@n) =f,, (3.1
QPO = a(l) - aln + M — 4)
X B+ M—i+1) - @+ M)
Xan+M+1) - aln+ M+ 1)
X B+ M +i+1) - p@n) =,
@ =N). (32

Here the integer 7(P) is the number of « functions
in ® which are changed to 8 functions in P°®.
The number ¢(P) is uniquely determined by the
given permutation P.

Using the commutability of 05 and @°, we obtain

(0, 0,P°0) = ('O, Q°0:PO)
= (Q"0, 05Q°P'0)
= (fo, Osfs) = ¢s.:.

In order to calculate the value cs, , it is convenient
to divide the total number of electrons into four
groups A, B, C, and D. 4, B, C, and D stand for
the first n + M — < electrons, the second < electrons,

the third ¢ electrons and the last n + M — ¢ elec-
trons, respectively:

(3.3)

4 1,2 -+, n+ M -7,

B n+M—-it+ln+M—i+2---,n+M,
C n+M4+1L,n+M+2 -, n+M+1
D n+M4+i+1L,n+M+74+2 ---,2n

For example when we write CD, this means the
combined groups of C and D, i.e., the last n — M
electrons.

We introduce the symbol Yk(s, m; u) for one
element of an orthonormal complete set of simul-
taneous spin eigenfunctions of $° and S, with the
eigenvalues s(s + 1) and m, respectively. K denotes
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an electron system which can be any of the groups
defined above. u specifies one of the spin functions
with common s and m, to differentiate degenerate
functions. We adoptthe usual convention for the
relative phase of these functions':

(Sz =+ 25,,) YK(sy m; ﬂ)

=[EFmsxtm+ DY, m+1;0. (34

As the element of the set which has the highest
eigenvalue of $° (s = 1Ny, Ng is the number of
electrons in the group K), we choose the following

function:
Yx(3Nk, 3Ng) = ac -+ o (3.5)

We may drop x in this case since (3.5) is the only

(s, m’, s, m"’ |s', s, s, m = &(m + m’ — m)

F. SASAKI AND K. OHNO

function in the set with the eigenvalues s = m =
iNg. From (3.4) and (3.5), we obtain

YK(%NK’ _%NK) =68 8. (3-6)

An orthonormal set of spin functions of the
system ABCD can be obtained by coupling ¥ ,p
and Y, in the following manner:

Yipen(s, m; )
= Yapcn(s, m; s's’"p'u’’)

= 2 Yauls', m'5u)Yeols”, m'’; u”)

X (S’, m/, S”, m’’ is/’ 8”, s, ,m)

3.7

Here (s, m’, 8", m” | &', §", s, m) is the vector
coupling coefficient”:

s+ D"+ =l = mH " — m) s+ m)! (s — m)!

H
X I:(s' +5" s+ DI ="+ (= + "+ )"+ m) "+ m")!]

"+ m +»E"7"+s—m — !

X VZ(—l) V!(S/ _ m,'_V)!(S'_ m_V)!(S” _s+ml+y)!' (3.8)
Since YABCD(Sy M —; M n —2 M)
Os.m = Z Yipeo(S, M; wWXY 4pen(S, M; ), (3.9)
’ M - M
we obtain = E Y,us(n -; , m’) YCD<L2— , m”)
Cs,i = Z (for Yanen(S, M; u)) n+ M n—M
» X ( 2 ’ m,v 2 ’ m”
X (Y4pen(S, M; w), f.). (3.10)
M —
The functions f, and f; are expressed as 2 _; ) L 3 M , S, M ) (3.13)
fo = Y43<n -t_ M = * M) Here,
2 2
— -M n+ M
rf S A8 )
and . .
. YA(”_M_% ’m,) YB<3 , m,,)
n+M—i n+M—15\, (i i mm 2 2
fi' = YA 2 ’ 2 YB 5 ’ —5
X (n__+_._M -4 v r 2 ’”
xy(é i)y(—M—z' _n—M—z‘>' 2z ™
A2'2/°° 2 ’ 2
n+M—41 1 n+ M
8.12) 5 g ) (3.14)

Therefore, the terms of the right side of (3.10)
vanish except for the following Y 4zcp:

1 See, for example, E. U. Condon and G. H. Shortley,
The Theory of Atomic Spectra (Cambridge University Press,
Cambridge, England, 1957).

and

2 8ee, for example, A. R. Edmonds, Angular Momentum
in Quantum M echanics (Princeton University Press, Princeton,
New Jersey, 1957), p. 44.
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- M

Y“’(nz m)

e =
Zln M~ "
=t
%,”‘ZI—’,";M,m>- (3.15)

Using (3.8), (3.11), (3.12), (3.13), (3.14), and (3.15),
we find

Cs,i = <10y YABCD<S: MSn tM n- M>>

2 2
. L+ M - M
X <YABCD(Sy M;n _t- ,n s f@>
2 2
_(h-}—M n+M n—M _n——M,
V2 T2 T T2
n+M n—M )
A 2=l su
X(n-l—M—z n+M—4 ¢ ¢
2 ’ 2 272
n+M—5 1 n+M n+M—2z)
2 27 2 2
i 1t n—M—¢ n—M-—4
X(z'z’ 2 T 2
it n—M-—79 n-—M _n—M—Qi)
2" 2 2 ’ 2
X(n—}-ﬂ[ n+M-—2% n—M
2 1 2 b 2 ’
n—=M-=-2%n+M n—-M )
2 5z oM
 ea n— M — !l i
‘(25+1)(n+1s+1!‘:( D

n+M— i+ (S—M+i—0»!
NG= (S =M =) (n— S —7+)!

(3.16)
- @s+ne= M(g_");;)sf M)t Z (1)
y {(S—M 41} 3.17

W(S—M+r—10)n—S—»)12S+1+»)!

It is convenient to use the expression (3.16) in

calculating the values cs,, for some special cases.
For example,
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_ n— M) (n + M)!

Cs,o = (2S+1)(n+S+ D!n — S’
_ i it + M — 9!
4N e -

Cni = (zn)!

4, APPLICATION TO A SINGLE-DETERMINANT
WAVEFUNCTION

When a wavefunction ® is a single-determinant

wavefunction, the space part ¥(r,, I, --- , Iy) is
s product of one-electron functions:
Y, 12, o0, Iy) = @) ¥e(rs) -+ Yalty). 4.1)

We denote orbitals associated with « spins by
b1, G2, - , ¢niar and those with B spins by ¢,
@s, ' , ¢n_y. Without changing the total wave-
function ®, we can transform the orbitals {¢} and
{e} to {¢'} and {¢’'} so that the only overlap re-
maining is between the pairs ¢/ and ¢!*:

n+ M

¢$=Za’ii¢iy i=1y2y"'vn+My
i=1
n—M

(P:: Ebiiwi’ ’i=1,2,"',n_1‘/[,
i=1

“.2)
<¢:y ¢:> = <‘p:v ‘P;) = 61‘]’1

@ el = A >0,

Using these transformed orbitals for the space
part ¥, we find that the inner product (¥, P*¥)
vanishes except when P is a produet of some
interchanges of the pairs {¢/, ¢!}. When P inter-
changes the electrons of ¢ pairs {¢],, ¢}, {0l @h},
) {élﬁt} ﬂol:[}, we see that

(‘I’, PI‘I’> = Apdgg = *° )\kty
er = (—1), i(P) = t. (4.3)
It follows from (2.11), (3.3), and (4.3) that
n~-M
wg = kz: (=1)*A.es 4, (4.4)
=0

where A, is defined by the coefficients of the poly-
nomial

kﬁ 1= M) = iﬁu (—D*4,2". (4.5)

3A. T. Amos and G. G. Hall, Proc. Roy. Soc. (London)
A263, 483 (1961).
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For example,

Ao = 1,
Al = kZ xIcr
A, = MDA — N =M+ AA + -
k k
. + >\1>\n—M + )\2k3 + M + )\n—M—1>\n—M,
A"_M = H )\k'

k

53 (e = !
- L Y e e

BCSk

(S =M + »I*(n —

AND K. OHNO

In order to calculate (4.4), it is convenient to
introduce the following polynomial W(z):

n—M n—M

W) = IT 1= -z = X (1B’ (4.6)
By comparing (4.5) and (4.6), it is found that

_ 5 5 mn—M — !

= LY ey e — i B @D

The weights ws of a single-determinant wavefunction
are, therefore, expressed as

n—8 n—-M S—M+y

Z (_ 1)v+i+k

y=0 = k=7

(S—I—M)

M — )
! B,

(n—S—v)'(2S+1+v)'v'(lc—])'(S M+v—k)!

= (25 + 1) SO

This can be written as an integral,

S+M ds MW(IU) d.

— 4.9)

X f S— 1”(1
When W (x) is given, we can derive ws using the
above Eq. (4.9).

Since the first-order density matrix completely
determines the original single-determinant wave-
function, it should also determine the weight ws.
We derive an explicit expression for W(z) in terms
of the first-order density matrix. wgs can be derived
from W(z) by using Eq. (4.9). The first-order
density matrix of the wavefunction under considera-
tion has the following form:

p&, &) = p.(r,)alo)alc’) + p_(r, r")B(c)B(a’),
where
py = §¢£><¢:, = §<p2><¢:.
Since
(e, [(1 = 2)p- + 2p_p.le}) = 8,51 — 1 — A)z],

W(z) can be expressed as an expectation value
of an n — M particle operator K(z):

W) = (¢7, K@)¥7),

where

(S — M)! Z:o( D @28+ 1+l j Bs-ass

(8 — M+ 91

4.8

K(x:rlyr2y Ty rn—M:rl'y r;, Tty rr’L—M)
n—-M
= (T — 2)p-(r:, 1)) + zp-p.(rs, 19)]
i=1
and
¢—(rly Iy, = - )rn—M)

= [(n — M)VPael(r)eir,) - - -
It is seen that GK(0) is a projection operator,

aK(0) = ¢ X¢",

On-st(Caznr)-

and K(0)K(x) = K(z). Therefore, we obtain an
expression of W(x) in terms of p, and p_ only:

W) = (¢, K@)y") = tr eK(0)K(z) = tr aK(x).
5. BEHAVIOR OF s FOR LARGE N

We discuss the case when all A\,’s are equal to
A. Then

W@ = [1 — (1 — Nz]™™. (5.1)
Putting (5.1) into (4.9), we obtain
n & M)‘ (1 =N
X fl 257MA — )5 - (1 — Nz} dx. (5.2)

The asymptotic form of (5.2) is derived in the
appendix when § — M is small compared with N?%,
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@28 + D@ — M) ™™

1 - )\)[n - M+ _—(12iwx)] )

ws(\) ~

X,exp ["%%7@ (S = M — 1)(S — M)
oM 4 (1 — N — M)

202M + (0 = N — M)
XS -—M+DS—-—M+2

A
ToM + (1 - Nm— M)

X (8 ~M(S—-M+ 1)]- (5.3

Equation (5.3) may be regarded valid over all pos-

sible values of S, since both left- and right-hand

sides of (5.3) decrease rapidly as 8 — M becomes
large compared with N*.

A. Orthogonal Case

Putting A\ = 0 in the expression (5.2), we obtain

_ n+ M@~ M)

0s0) = S+ Ve e + § + D1

It is interesting to note that wg(0) is proportional

to the number, f, s, of linearly independent spin
functions for given n(= 1N) and S,

wS(O) = fn,S/ Z fn.S"
S =M
The asymptotic form of wg(0) is, from (5.3),

N (n — M)S™
WS(O) @S + 1) (n -+ M)S—M+1

X eXp[—ﬁ(B’—M— (S — M)

(5.4)

(5.5)

1

—m(S—M-{- 1)(S—M+2):|° (5.6)

For M = kn(0 < k < 1), ws can be approximated
by a geometrical sequence,

(n — M)S™™
(n + ]L,[)S-—MH

o% (1 —k\S¥
Nl-l—lc(l-l—lc) G

It should be noted that (5.7) does not contain the

number of electrons explicitly. Therefore, for a

fixed k, ws does not change much when N increases.
For M = 0,

ws ~ (28 + 1)

ws ~ (28 + 1)/n) exp [-(S* + S + 1)/n]. (5.8
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A
i
i\

a3\
il
i 'l ——————— N= 10
il N=100

“s i ———  N=1000

a2l

i

Fic. 1. The weights ‘|
ws(0) as a function i
of 8 i
I\

o1 4

20

From (5.8), the expectation values of S, S°, and
S? can be calculated as

(9 = 3 o~ [ 2 exp (-£) a5 = 300,
28° S’

(Sa) = Z Szws ~ f —n—‘ exp (—;) ds = n,
25" S*

(8% = 3 Slws ~ f = exp (‘?) dS = 3n’r).

The exact values are as follows:
(S) = 4+ 2" h/m),
(8 =n+1—(8),
(§8%) = =1+ 2 7%(6n — Bn®N*/(2n + DI

In Figs. 1 and 2, ws is plotted as a function
of S and S/n, respectively, for N = 10, 100, and
1000, by using (5.8). We see from these figures that
when N increases, ws spreads towards bigger N.
However, for large N, appreciable weight wg is
localized around the value Su.. ~ 0.5N!. The

second moment of the distribution around the
average (S) is

(8 — (SY’ ~ (1 — imn ~ 0.107N.

Fia. 2. The weights
w,0) as a function
of S/n.




6
N
F16. 3. The weights
s . ws a8 a function of
& S when M = 0 for

several values of the
overlap integral.

B. Nonorthogonal Case
For M = 0,
wsn, M,\) ~ws{(1 —Nn — M)+ M,M,0], (5.9
since the factor
@284+1)(n—M)S"¥/(1=N)(n—M 423 /1 —n)*~ "

decreases rapidly compared with the exponential
part in (5.3), which may therefore be regarded as 1.
For M = 0,

ws(ny Oy )\)

2841 [_SZ-}-S—I—I—)\:I
1 —=Mn exp (1 —Nn

~ ws{(1 — Mn, 0, 0}.

(5.10)

It follows from (5.9) and (5.10) that the weight in the
nonorthogonal case for N electrons can be approxi-
mated by the weight for 2[(1 — N (n — M) + M]
electrons in the orthogonal case:

ws(n, M, \)

~wsl = N — M) + M, M,0}.  (5.11)

When the overlap A increases, the distribution
shrinks. This can be seen from Figs. 3 and 4, where
wg for some A values are plotted as a function of
S for M = 0 and M = 0.2n, respectively.

1

ws |} N Fic. 4. The weights
sk d e A=09 w, as a function of

S — M when M =0.2n
SR for several values of
the overlap integral.
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APPENDIX

We define a function I by the integral

1,
Tup (@) = 07[ 20— % — )" de. (AL
Then the weight (5.2) can be expressed as
_ (mn — M)A — N
ws(\) = 2S + 1) Y
X IS—DI,S+AI.7&~S(1 - )\>' (AZ)

The maximum of the integrand in (Al) is given
by one of the roots of the following equation:

xﬁ.)—lfxo—l—zyzx(]:()' (43)

Therefore,

2o = [l +2a+B8+2y — {[1+2a+ 8+ af
— 4ozl + B+ M2 + 8+ 1] (A9

The order of z, is the same as «/(8 + zv).
Expanding (1 — 2)’(1 — 21)" exp (az/20) in
terms of x — @, we obtain

Lot - /1 — @) = {a + 0o — =)
+ asx — 20)° + -+ }(@%/a)) exp (—ax/z,). (AB)
Here
a = (1 — z)’(1 — zz,)” exp a, (A6)
(8 2y
= "7 ((1 — o) + a - zx0)2) '
and
ar = a0y, (A7)

Integrating (A5) over the range (x = 0, x = ),
we arrive at an asymptotic expansion
I ~ agby + ab, + -+ (A8)

where

1 [ .
be = f[, 2*(x — 20)" exp (—az/z,) dz, (A9)
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bo
2
bi

(.’Eo/a ¢+l’
boxg(a + 2)/0!2,
bOO(x'Sa"H("“”).

From (A5), (A7), and (Al1), we find the order
of magnitude of a;b;:

_ {O(xz") k
0" ™/8+=z) k:

Remembering that the order of z, is the same

(A10)

(A11)

even.

odd.

a,b,

dobs (A12)
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as that of «/(8 + 2vy) and using (A12), we can take
the first two terms in (A8) in order to calculate
log ws with the accuracy of order (8 + Zv)~'.

Then we obtain
B
[(1 - xo)2 +

I N{l _ 2ia+ 2 2y
(1 — 20)’(1 — 22,)" exp a.

1- zxo)z]}

(A13)

a+1

Lo

a+1
a

2°
X

The expression (A13) is substituted into (A2), and
after some manipulation, we obtain (5.3).
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I. INTRODUCTION

HIS paper is devoted to the development of
procedures for the calculation of lower bounds
for energies of electronic states in molecules and
molecular ions. We take for our model of these
systems the nonrelativistic quantum-mechanical
Hamiltonian stated by Eq. (2.9), in which the
nuclei are regarded as fixed and magnetic inter-
actions are neglected. Our development consists
of two main parts. The first shows how the Hamil-
tonian H for any such molecular system can be
decomposed into the sum of Hamiltonians with
known spectral families and a positive Hamiltonian,
ie.,
H= Y H,+ H, 1.1)
in which each Hamiltonian H, has known eigen-
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values and eigenvectors and H’ is positive. The
second main part discusses the extension of lower-
bound procedures to include these cases.

Section II gives the details of the decompositions,
starting first from the simplest case, the H? mole-
cular ion, and then treating the general molecular
system. The nature of the spectra of the operators
H , that arise in the decompositions is also sketched.

Section III describes the extension of the lower-
bound procedures. Truncations of the operators
H, and techniques of approximation of H' by the
methods of intermediate problems are employed to
construct new operators that give lower bounds
from finite matrix problems. Section IV discusses
how the results of Secs. II and IIT are to be used
in the calculations of lower bounds for molecular
systems. Optimization of the procedure and ques-
tions related to the existence of point eigenvalues
in the first part of the spectra of these systems
are also considered.
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II. DECOMPOSITIONS OF HAMILTONIANS OF
MOLECULAR SYSTEMS

In this section we show how the Hamiltonians
for molecular systems can be decomposed into the
sum of operators H,, each of which has a known
spectral family, and a positive operator H’'.

We consider a molecular system that consists
of m electrons about n fixed nueclei of charges

Zyya=1,2, -+, n, in which we denote the position
vectors of the electrons by r,, 2 =1, 2, --. | m,
and those of the nuclei by B,, « = 1, 2, --- |, n.

The auxiliary vectors that are needed are defined by

R.s = Ry — R, a,3=1,2, ,m; 2.1)
Ty =T — T, 1,j=1,2,+,m; (2.2)
and
Tia =7, — Ra, t=1,2,--+,m;
a=1,2,++,n. 2.3

The vectors (2.1) define the nuclear arrangement,
those of (2.2) give the interelectronic positions,
and those of (2.3) are the position vectors of the
electrons referred to the various nuclei. The mag-
nitudes of vectors are indicated by the sign of
absolute value.

For simplicity we begin by considering the
simplest molecular system, the H% ion. Its Hamil-
tonian has the form’ (in atomic units)

= _%Al - l/ltu! - 1/[&2[, (2.4)

in which A, denotes the Laplacian in the coordinates
r, of the electron. Since the Laplacian is invariant
with respect to translations of the coordinate
origin, we may write

Ay = a; gy + G, 2.5

in which a,, and a,, are any positive real numbers
that satisfy

a,n + ap =1, (26)

and A;; and A,; are the Laplacian expressed in
the coordinates t;; and t,, respectively. From (2.4)
and (2.5), the operator H takes the form

H = H, + Hz, (27)

where
H, =

—3ebie — 1/|ta], a=1,2. (2.8)

The operators H, and H, are Hamiltonians for
! Here and in the following discussions we will omit the

constant terms arising from nuclear repulsions, except when
their inclusion is specifically stated.
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hydrogenlike atoms and consequently their spectral
families are completely known. Thus the Hamil-
tonian of the H7 ion can be decomposed as we
have asserted. In this case the term H’ is missing,.
For more general molecular systems; the de-
composition is made in a similar way. H has the form

m m 1
= -2 %A — E Z | + 2 Tl
i=1 a=1 l a( i>7=1 t3
in which A; denotes the Laplacian in the coordinates

r; of the 7th electron. We introduce the positive
constants a,, that satisfy the equations

2.9

n

Z'.aia = 17 1= 11 2) e, M, (2'10)
a=1
and we write the Laplacians A; as
= D Giabia,  i=1,2,--0,m,  (211)

a=1

in which A,, means the Laplacian of the 7th electron
expressed in terms of the coordinates t;,, which
refer to the ath nucleus as origin. When the expres-
sions (2.11) for A; are inserted in (2.9), H takes
the form

a 1a Za =
H= ZZ( Giclia _ >+Z 2.12)
a=1 1 Iria[ i>7=1 I ll'
We define the operators H, by
= .y 7
Ha — (_aux 1a — (l) ,
s'z-l: 2 !ria{
a=1,2, -+ nm, (2.13)
and H’' by
— 1
H = — 2.14
i>i=1 lriil ( )

In terms of these new operators, H has the desired
form

H=YH, +1.

a=1

(2.15)

For convenience we will designate by H® the sum

H = 3 A,

a=1

(2.16)

Since the operator H’ consists of a multiplication
by a positive real function, it is clear that H’ is
a positive operator. Further, as we require, each
operator H, has completely known spectral families,
for each is just the Hamiltonian for m uncorrelated
electronic particles of masses m,,,

Mia = (@i)™"; 1=1,2, - ,m;

a=1,2,+---m, 2.17)



LOWER BOUNDS FOR ENERGY LEVELS OF MOLECULAR SYSTEMS

about a single nucleus of charge Z,. In fact, the
spectrum of each H, is expressible in terms of
the speetrum of the hydrogen atom. Each eigen-
function ¥ of H, has the form

\I’a = H\I’m.li,me(miazaria)y (218)

i=1

in which ¥, ;. ., is a hydrogen wavefunction.
The corresponding eigenvalue £ is given by

e

i=1 Ny

2
E® = _—y (2.19)
The initial part of the spectrum of each H, is
discrete and consists of infinitely many eigenvalues
converging to the first limit point K, which is
given by

Z2 m
E: = =7 Z, Mias

5 2 (2.20)

where Z’ indicates that the smallest m;, has been
omitted from the summation. Further, a continuous
spectrum extends from E; to plus infinity, and
between Ej and zero there are infinitely many
eigenvalues which have as limit points the numbers

2 m
_ézﬂh
2
2 = n

where X" indicates that at least one term has been
omitted in the sum.

The decomposition of H into the form (2.15)
groups all of the electron repulsion terms together
to form H’. The decomposition of the remaining
part H° into the form (2.16) may be interpreted
as a distribution of the kinetic energies of the
electrons to the various nueclei. In fact, when each
H, is considered separately, one observes that the
fraction a,. of the kinetic energy of the 7th electron
has been associated with the ath nucleus.

Whenever the interelectronie forces do not appear
or are neglected, the decomposition gives

H= Y H..
a=1

(2.21)

(2.22)

This happens naturally for one-electron systems,
e.g., the H) ion, and also when for comparison
with other calculations, the model considered regards
the electrons as uncorrelated.

III. LOWER-BOUND PROCEDURES

In this Section we extend previous work of the
authors®® in such a way that lower bounds to
the eigenvalues can be calculated for the molecular

2 N. Bazley and D. W. Fox, J. Res. Natl. Bur. Std. B65,

105 (1961).
3 N. Bazley and D. W. Fox, Phys. Rev. 124, 483 (1961).
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systems under consideration. In those papers, we
introduced modifications of the Weinstein—-Aronszajn
method of intermediate problems*® such that the
calculations for the lower bounds involve only finite
matrices. The operators involved were of the form

H=H+H 3.1)

in which H° had known spectral families and H’
was positive, or

H=H, + H, (3.2)

in which H, and H, each had known spectral
families. One of the principal techniques was the
use of truncations of one or both of the operators
involved in order to construct new operators
smaller than H for which the spectral problem
could be solved easily. Here we use again truncations
of operators to obtain our extensions to the cases in
which the operators have the form (2.15) or (2.22).
For the sake of efficiency and generality, our
developments will be given in terms of operators
in Hilbert space; nevertheless, the resulting pro-
cedures and formulas will be directly applicable
to molecular systems. We begin by considering
operators of the form (2.22), and later consider
these of the more general form (2.15).

We suppose that H is a self-adjoint operator®
with domain ©y in a separable Hilbert space $ in
which the inner product is (u, v) and that the lowest
part of the spectrum of H consists of eigenvalues
of finite multiplicity given in nondecreasing order by

E,<E<- <E, (3.3)

where E, is the first limit point of the spectrum
of H. The corresponding orthonormal eigenvectors
are denoted by ¥,, ¥, --- . We assume that H
has the form (2.22), that is,

H=H =

> .,
=1

in which the operators H, are of the same general
type as H® and have known spectral families. The
domain of H° is given in terms of the domains
Dy, of H, by

@Ho = O @H(x- (34)

* A. Weinstein, Mém, Sci. Math. No. 88 (1937).

& N. Aronszajn, Proceedings of the Oklahoma Symposium
on Spectral Theory and Differential Problems, Stillwater,
Oklahoma, 1950, (Department of Mathematics, Oklahoma
Agricultural and Mechanical College, Stillwater, Oklahoma,
1955) pp. 179-202.

¢ T. Kato [Trans. Am. Math. Soc. 70, 195 (1951)] has

shown that the operators of the form we consider in Sec. II
are essentially self-adjoint.
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As for H’, we denote the lowest-ordered eigenvalues
and first limit point of each operator H, by

Ef <Ef< - <EJ (3.5)

and the corresponding orthonormal eigenvectors by
L3TR SRR

We introduce the truncated operators H.*"°
defined by

la
He ' = ) (W, UHESYS

y=1
la

+ El[qf - >, \I/‘z)\lf‘:] ,  (3.6)
y=1

in which [/, is a positive integer for each a. Each
operator H'**° has the same first [, eigenvalues
as H . ; the rest of its spectrum consists of the point
E; .,, an eigenvalue of infinite multiplicity. The
operators H!*** are bounded and satisfy the in-
equalities’

Hie" < He™ < H, 3.7)

In terms of these truncations, we define new op-
erators H'° by

a=1,2 - n.

o= > H", (3.8)
a=1

where the symbol I means the index vector (I,, I,
«ov L), We will say I' < P if and only if I} < 12,
a=1,2 --- n, and we will designate by |I| the
sum D 4., l.. The collection® of all s will be
denoted by L. From (3.7) it follows that the op-
erators H'° satisfy the inequalities

H"* <H"° < H, (3.9)

whenever I' < I°. Consequently, the ordered eigen-
values of H'® give lower bounds to those of H°
and obey the parallel inequalities

DS ENSE, v=1,2,-0,  (310)

and

E. " <E.° <L E. (3.11)

The operators H'° have the explicit expression

=i[:@&%

a=1 v

HI,O

X (Ey — E{,..)¥% + E?',,+1‘I']- 3.12)

From (3.12) it is clear that each operator H'° is
reduced by a finite-dimensional subspace ' of $
7 For symmetric operators A and B, the inequality A < B

means that Dz C D, and (A¥, ¥) < (BY,¥) foreach ¥ in Djp.
8 The set L, under the given ordering, forms a directed set.
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spanned by the vectors ¥5, v = 1, 2, .-+ , I,
a=1,2 ---, n In fact, if ¥ is orthogonal to
' then H*°¥ = 3., E, .V, and if ¥ is in '
then H"°¥ is also in ?'. On M" the spectral problem
for H"° is equivalent to a matrix eigenvalue problem.
Let us introduce the variables v% defined by

v, = (¥, ¥OE, — El,4);

v=1,2, -1, (3.13)

In terms of these, the eigenvalue problem for H'*
has the form

a=1,2,-,n.

n 1

H"% — E¥ = 2

a=1 v

(-4
[23 a
vY,

=1

— (F - ZE;’aH)\I/ =0. (3.19
a=1

On taking inner products with the vectors ¥% we
come to the equivalent matrix eigenvalue problem,

ﬂ[@t, ¥ - (£~ TEn.)
=1 a=1

n 14

>

a=1 v

61« 3aﬂ }
X _a._“_a_ — 0, b=
Ev = Lg41

B =

1’21 oo ,lﬂ;

1,2, -+ ,n.  (3.15)

This matrix problem of order |I| gives eigenvalues
which are smaller than or equal to Z';,l E7 ...
Those eigenvalues that are strictly less than Z’;_l-
E7_,, correspond to eigenvectors of H'°® which in
turn are given (not normalized) by

la

V=3 2N,

a=1 p=1

(3.16)

where the constants y° are determined by (3.15).
The remaining point in the spectrum of H'° is
>y Ei,.y, an eigenvalue of infinite multiplicity,
for which the characteristic subspace consists of all
vectors orthogonal to those given by (3.16). Con-
sequently, the limit point E.'° equals > Er L.

Thus, according to (3.10), the operators H'°
give improvable lower bounds to the eigenvalues
of an operator H of the form (2.22), and the calcula-~
tion of these lower bounds may be made from the
matrix problem (3.15).

In the more general cases, the operators for
which we wish lower bounds have the form (2.15),
that is,

H=YH, +H,

a=1

with domain Dy given by
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Dr = N\ Dza (D (3.17)

a=1

As has just been shown, the operators H'°® are
smaller than > ., H, and can be regarded as
having known spectral families. As before,”® we
follow the procedure of Aronszajn® in introducing
operators smaller than H'. In fact, let {p,, s, ** -}
be a sequence of vectors in Dy for which the vectors
{H'p,, H'p,, ---} form a linearly independent set,
and introduce on Dy, the auxiliary inner product
[¢, ¥] defined by '

lo, ¥] = (H'e, ¥). (3.18)

Let P* be the orthogonal projection with respect
to this inner product on the subspace spanned by
the first & vectors, p,, ps, - , Ps. As has been
shown,”*'® the bounded symmetric operators H'P*
satisfy the inequalities

0 < HP* < HP'' < H, (3.19)
and have the form
k
H'PYY = Y oH'p;, (3.20)
i=1
where
k
; ai(H,piy p1) = (‘I,y H,p:')’
j=1,2,.-- k. (3.21)

Parallel to our earlier procedures,®® we introduce

the operators H*'* defined by
H'* = H" + H'P*, (3.22)

These are bounded symmetric operators, and
according to (3.9) and (3.19), they satisfy the
inequalities

Hl.k; S Hl,fc, S H
for k, < k,, and
Hl‘.lc S Hl’.k S H

(3.23)

(3.24)

for I' < I*. Consequently, the eigenvalues E'*
of H'* satisfy the parallel inequalities

Exlv'k‘ SE:‘}“ SEVI v = 1y2’ Tty (325)
and
Ei‘,k SEtla"k SEV) v = 1127 Ty (326)

so that these operators give improvable lower
bounds to the eigenvalues of H. The first limit
points of the operators also satisfy the inequalities

E,lk.’“ S E,lk.}“ S E*, (327)
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and

EY* <EV* < E,. (3.28)

The spectral families of the operators H*'* can be
determined without difficulty since these operators
are constructed so that they are reduced by finite-
dimensional subspaces of 9. In fact, for an operator
H'* the subspace M'"* spanned by the vectors ¥°.
v=12 - lya=12 -+ ,nand Hp, 7 =
1, 2, ---, k, is such a reducing subspace. This can
be seen directly by writing

n la
H'' = 3 > (¥, VO)E: — B, )¥

a=1 p=1

k
+ Z o;H'p;, + E;'O‘I’,

i=1

(3.29)

in which the values «; are determined from (3.21).
If wisin D' *, then H**¥ is just a linear combination
of vectors in IM'* and thus is also in I"*; on
the other hand, if ¥ is orthogonal M"**, then H'"*¥ =
E;°%. On """ the spectral problem for H'* is
equivalent to a matrix eigenvalue problem. One
form of this matrix problem is easily obtained from
the eigenvalue equation

HYN —E¥ =0 (3.30)

by taking inner products with the vectors spanning
M"* and using the quantities v* defined by (3.13).
The resulting matrix problem of order |I] + k is
stated by

n 14

>

a=1 v

« k
v, ) + 3 adH'p:, V)
=1 =1

S 8, 8
_ E_EZ.O :z_wt af =O,
E =B 2 2 e
[,L=1,2,"',ZB; B=1,2,"',n, (3'31)
and
n la k
; ;’Y‘:(\Po’l’r H’p:f) + gai(H’ i H,pi)
k
— (E ~ E) 2 a(H'p,, p)) = 0,
i=1
i=1,2 -,k  (3.32

The eigenvalues of H'" that differ from E.° arise
from the matrix problem (3.31), (3.32); the cor-
responding eigenvectors (not normalized) have the
form

n la
T o= 3 3+

a=1 y=1

k
> «H’p;,, (3.33)
i=1
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where the constants v and «; are determined by
(3.31) and (3.32). The remaining point in the
spectrum is E.°, an eigenvalue of infinite multiplic-
ity, for which the corresponding -characteristic
subspace consists of the orthogonal complement
to those eigenvectors given by (3.33). Hence E.*
is equal to E,*°.

Thus the operators H'* give improvable lower
bounds to those in the initial part of the spectrum
of an operator of the form (2.15), and the calculation
of the lower bounds may be made from the matrix
problem (3.31), (3.32).

Parallel to our earlier results,® it is also possible
to obtain lower bounds for operators of the form
(2.15) by introducing the operators I'* defined by

H*=H"+ H - H)P, (3.34)

in which P} denotes the projection on the span
of the vectors p;, which must now belong to Dy,
with respect to the inner product [¢, ¥]; given by

e, ¥], = ((H — H"’lp, ¥). (3.35)

The operators H'* have the property that they
agree with H on the span of the p’s. The procedures
for determining the eigenvalues and eigenvectors
of these operators are parallel to those for H'*.
In fact, it is necessary only to replace H' by H — H""°
in the formulas (3.31), (3.32), and (3.33).

The procedures of this section, as well as those
of H. F. Weinberger,” can be deduced from an
operator inequality of quite general form which
will be reported by the authors in a forthcoming
publication." '

IV. LOWER BOUNDS FOR MOLECULAR
ELECTRONIC ENERGY LEVELS

The decompositions of molecular Hamiltonians
given in Sec. II, and the extensions of the lower-
bound techniques sketched in Sec. III, make it
possible to calculate lower bounds to the eigenvalues
of molecular systems. In the cases when the de-
composed Hamiltonian has the form (2.22), the
only inner products that need to be computed are
those between pairs of hydrogenic wavefunctions
with different centers. When the Hamiltonian has
the form (2.15), addditional inner products involving
the essentially arbitrary vectors p; must be carried
out as well.

In both cases, the inner produets and the resulting
lower bounds determined from the matrix caleula-

9 H. F. Weinberger, Institute for Fluid Dynamics and
Applied Mathematics, University of Maryland, College Park,
Maryland, Technical Note BN-183 (1959).

0N. Bagley and D. W. Fox, Battelle Memorial Institute,
Geneva, Switzerland, Technical Note, July, 1963.
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tions depend parametrically on the values of the
constants a;, as well as on the indices £ and I,
and on the choice of the vectors p;. It is natural
to ask how the numbers a;, should be chosen to
give optimum results in our lower-bound procedures.
A partial answer is given by demonstrating that
one choice makes the lowest eigenvalues and eigen-
vectors of H'° agree exactly with those of H°
when the nuclei are brought together, and that
the same choice maximizes the value of lim,, Efk").
When the nuclei are brought together we have
the corresponding wunited atom of nuclear charge
> _, Z,. The Hamiltonian H® then takes the form

m n m 1
DA — Z;Za‘gm, (4.1)

=1
in which |r;] is the distance from the ith electron
to the united nucleus. The spectral problem for
H’ is explicitly solvable and gives the eigenvalues

H= Y H, =~
a=1

) 1 n 2 m 1
E=_§<2Zﬂ>'z_z, (4.2)
f=1 i=1 Mg
with the corresponding eigenvectors
‘Ij = H\I’m‘,l",m;(z Zg“f;) 3 (4;,3)
i=1 8=1

and a continuous spectrum extending from E:(O),
which is given by

7o - -5 (S a)

to plus infinity. A comparison of the eigenvectors
(4.3) with those of (2.18) suggests the choice of
constants a,, given by

n -1
Qia = Za(Z Zﬁ) ' o =
B=1

7= 1’2’... , m,

(4.4)

1,2, 2

(4.5)

which is independent of <. In fact, with the choice
(4.5) for a;,., each H, given by (2.13) becomes

H, = Z(ﬂZ Zﬁ)_l[—‘z“ - sza-f‘,i] ,

f=1 i=1 lrial
a=12 . n, (4.6)
so that for the united atom we have
n -1 n
n.=z(¥z) - Tn
f=1 8=1
n -1
= Za<2 z,,) H°. 4.7
B=1

When each [, is chosen equal to a common value I,
and we designate (I, lo, --- , l,) by I°, then (4.7)
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shows that for the united atom

n

2 HY = (HO,

a=l

H"® = (4.8
where (H°)'* means the truncation of H® of order I,.
Consequently, the choice (4.5) makes the first [,
eigenvalues of H'*° agree with those of H’. When
l is arbitrary, we let [, = min l,(e¢ = 1,2, -+, n)
and observe that, according to (3.9),

H® < H'™ < H°. (4.9)

Since the operators on the right and left in (4.9)
have the same first [, eigenvalues and eigenvectors,
the characterization of the eigenvalues of H"® as
recursive minima' shows that H'® has the same
I, first eigenvalues and eigenvectors as well.

The methods of Sec. IIT show how the operators
H'"* lead to the computations of lower bounds for
the eigenvalues of H that lie below E.°. Thus,
no matter how [ is chosen, it is impossible by these
methods to find lower bounds to eigenvalues of H
that lie above lim, E.°.'* To show that the choice
(4.5) maximizes this limit, which for convenience
we designate by C, we recall that according to (3.11),

E;%a:.) < BEyRag), (4.10)

where we note that E,° depends on a.. but not
on R.s while E, depends on R, and not on a,..
Hence we have for the limit,

Cla:a) < E::(Raﬂ)- (4.11)

In particular, (4.11) holds for the united atom,
that is,

11 See, for example, S. H. Gould, Variational Methods for
Eigenvalue Problems (The University of Toronto Press,
Toronto; 1957).

12 lim;, is the Moore-Smith limit and is the same as

limlu—»u: (a = 1; 2} Tty n)-
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n 2

Cla:ia) < EQ(0) = -z 3 1 (Z Z,,). (4.12)
A=1

However, for the united atom and the choice (4.5),
we have the equality

dz(£2) |- o,

B=1

(4.13)

and so the choice (4.5) maximizes C. We remark
that, from (4.11) and (4.13), it follows that

m;%i&)=ﬂ@smm@ (4.14)
B=1

and consequently the minimum value of E.(R,p)
occurs for the united atom, that is, when R,z = 0.

According to (4.14), the number E)(0) is a
lower bound for the first limit point of H’; further,
the inequality (3.28) implies that™

m — 1 n 2 o
- <,,Z Zﬁ) =E\0) <E, (415
Thus H can have only point spectrum to the left
of E.(0). With this fact, the Rayleigh-Ritz proce-
dure can establish the existence of the eigenvalues
of H that lie below £.(0). In fact, if M is a Rayleigh—
Ritz manifold such that the quadratic form of H
is less than EJ(0)(¥, ¥) for each ¥ in I, then
H has at least as many eigenvalues below E](0)
as the dimension of M. If I is infinite-dimensional,**
the initial part of the spectrum of H consists of
a point spectrum converging to £,(0).

13 When the nuclear-repulsion terms are included in H,

we have

n ZaZﬂ m — 1 n

z - (Z Za)“ < B~
a>8=1 |R,g 2 8~1

14T, Kato [Trans. Am. Math. Soc. 70, 212 (1951)] has
given such manifolds for the isoelectronic series of helium for
nuclear charges greater than one; others can be easily con-
structed for one-electron molecular ions.
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An exactly soluble model of a one-dimensional many-fermion system is discussed. The model has
a fairly realistic interaction between pairs of fermions. An exact calculation of the momentum dis-
tribution in the ground state is given. It is shown that there is no discontinuity in the momentum
distribution in this model at the Fermi surface, but that the momentum distribution has infinite
slope there. Comparison with the results of perturbation theory for the same model is also presented,
and it is shown that, for this case at least, the perturbation and exact answers behave qualitatively
alike. Finally, the response of the system to external fields is also discussed.

1. INTRODUCTION

E shall be concerned in this paper with a

model of a many-fermion system which is
exactly soluble. The model is quite unrealistic for
two reasons: it is one-dimensional and the fermions
are massless. On the other hand, it has the realistic
feature that there is a true pair interaction between
the particles. It is very closely related to the well-
known Thirring Model' in field theory, though
slightly more general. OQur main interest in the
model is in connection with the question of whether
or not a sharp Fermi Surface (F.S.) exists in the
exact ground state.

This question has only been investigated pre-
viously” by a special sort of many-body perturbation
theory, when it has been shown for the usual
realistic three-dimensional many-fermion system
that each term of the series does give rise to a sharp
F.8. This, of course, proves nothing about the entire
series unless one can also prove something about its
convergence, which has not been possible so far.
The main point of this investigation therefore is
to see if in this soluble model the exact solution
and the perturbation solution (via propagators)
behave in an essentially different fashion.

We now consider the exact formulation of the
model. Consider first the case of no interaction
between the particles. These are taken to be spinless,
massless, fermions moving in a one-dimensional
space. The analogue of the relativistic Dirac Hamil-
tonian is veosp (o3 is the usual Pauli spin matrix;
units such that # = 1 are chosen). v, is the velocity

* Work supported in part by the Office of Naval Research.

! W. Thirring, Ann. Phys. 3, 91 (1958). See also V. Glaser,
Nuovo Cimento 9, 990 (1958); T. Pradhan, Nucl. Phys, 9,
124 (1961); K. Johnson, Nuovo Cimento 21, 773 (1961).

2 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417
832?;, J. M. Luttinger, bid. 119, 1153 (1960); 121, 942

of the particles, which would be ¢ in the relativistic
case. Then the Hamiltonian is

L
Hy = [ V' @opv(a) do. M
Here ¢ is the two component spinor
- %)
v @’ @

and we are assuming that the particles are confined

to a length L along the z axis. The quantity p is

of course the ordinary momentum operator 1/ 9/9z.
Written out, (1) becomes

Ho=vo [ Wt - vpwlde. @

If we go into momentum space via
vie) = 2] ane™/L} (4)

(where the allowed values of k are
k= Q2x/L)n, n=0+1,+2, -+, £ (5)

since we shall impose periodic boundary conditions
on our sample), we obtain

Hy, =, ; (a;kallc - a;kazk)k' (6)
The creation and destruction operators a, a* satisfy
the commutation relationship

+ +
QO + Qi@ = 8;; 0.

%

Since the allowed values of a;ia;, are zero and
unity, the lowest state of H, is — o since we can
choose all the j = 1, ¥k < O and the j = 2, k> 0
states occupied. This is the usual problem occurring
in Dirac theory and requires a redefinition of the
creation and destruction operators so that we deal
only with “particles” and “holes”. Define
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a:=b. k>0
=c¢ k<O, ®)
A = b k<0
=cy k>0.
We may also write this as
by = 0%, + 0304, c = 0"an + 0, 9
where
6 = 1 >0
0 k<0, (10)
o1 k<0
0 k>0.

From (9) we see at once that b,, ¢; also have
the commutation rules of fermions, i.e.,

Wop -+ bibl = Okiry Cilhr + Culi = Sy, (11)
and all the rest anticommute.
Inserting (8) in (6) we obtain
H, =, Z (b;bk +- C;Ck) Ikl
k
Fo(2 k= 2. (12
k<0 k>0

The last term is infinite, but a constant, and as
usual we simply redefine H, without it, i.e., we take

H, = v, zkj (biby + ciew) |k (13)
We shall call the operators b, and ¢, the destruction

operators for particles and holes respectively. The
vacuum state ¢, is clearly defined by

bipo = 0, co = 0. (14)

The interaction Hamiltonian H’ is taken to be
(this special choice is what makes the model soluble)

H' = 2h, [ f V@@V — )

X ¥3y)¢a(y) dz dy.

V(z — y) is an arbitrary two-body potential at
this point. If we write this in momentum space

(15)

lassuming also that V(r — y) satisfies periodic
boundary conditions], we obtain
H = 2\,

L k‘z 6k1—k2+ka—k4.0

verka

X v(ks — k4)ax+k,alk,az+k,azku (16)
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where

Viz) = % > o(k)e™*, -
k 1

o) = fo " V).

The term in (16) corresponding to ks = k4, say
H", is given by
1 2) + +
H" = TopO)(X ahan)(X ahan).  (18)
This term clearly gives rise to divergent effects,
since for the unperturbed vacuum the number of
“1” and ‘2”7 particles are infinite. To avoid this
difficulty, we shoose »(0) to be zero, which is the
same as taking the average value of the potential
(V) equal to zero. We also express this by saying
that in (15) we replace V(x — y) by Viz — y) — V.
The total Hamiltonian of the problem is now
given by
H=H,4+ H'. (19)
II. EXACT SOLUTION OF THE MODEL

We shall show that (19) can be diagonalized by
a very simple canonical transformation. Consider

H" — ei)\SHe—i)\S’ (20)
where
§ = [[ dz appi@n@EC - Deiav.e). @)
Here E(z) is defined by
dE(x)/dx = V() — V. (22)
Writing
V@ = V=7 Thme ™, (2
we obtain
- i ’ 7&@ —ikz
E(x)—LkZ e (24)
Let us define
Ni@) = ¢i@¢,@). (25)

Then from the commutation rules it follows at
once that
(Ni@), N;.(=")) = 0, (26)
so that
e™He ™ =

H. @7
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(In the non-second quantized version of the theory
H’ and S are just functions of position.)
Therefore

B = H + X8, Hy)
+ [N/2'1(S, (S, Ho)) + - -+ (28)

Using the eommutation rules for the ¢;, we obtain
at once

8,79 = 0 [[ do {222 pe — v,

- N@E@E — o) %@}

Integrating by parts and using the periodie
boundary conditions to drop the surface terms, we
obtain

29)

(8, H) = —2 f [ dx N @E @ — YN.0)

- 2 f dz dyN,(@)(V(z — 3) — V)No()

1.
Y H'. (30)
Since this commutes with 8, there are no higher

terms in the series (28), and we obtain
H=H-H =H,. 31

(Again these results are seen very easily by going
over to the non-second quantized representation.)

Now H is trivial to diagonalize, just being the
noninteracting Hamiltonian. Therefore, all the
energy levels of H are the same as those of H,.
(This is very unrealistic indeed.) On the other hand,
the wavefunections of H are very different from the
free-particle ones. If ¢° is a wavefunction of H,
corresponding to energy EZ then the corresponding
wavefunction for H (say, ¢,) is

Yo = e Y. (32

Therefore, although the energy levels do not
change as a result of the interaction, other properties
depending on more details of the wavefunction may
be profoundly altered.

We next want to formulate the many-body
problem for our system. We at once have the follow-
ing problem: since particle-hole pairs can be pro-
duced by the interaction, the number of particles
in an eigenstate of H is not fixed. However, we

J. M. LUTTINGER

clearly must have that the number of particles
minus the number of holes (call this ») is fixed in
an eigenstate. Writing

= ; (biby

we can easily verify by direct calculation that n is
a constant of the motion.

The noninteracting case for the N-particle problem
is clearly the case of n having the eigenvalue N.
Similarly, we define the N-particle problem for the
interacting case as the system for which n has the
value N. There will always be a certain number
of holse present, but the smaller the interaction,
the smaller this number will be.

The exact ground state of the N-particle system
may be obtained as follows. Certainly the lowest
state (¢y) of H for which n = N is obtained by
having no holes present. Then the first N particle
states will be oceupied. That is

- cicy), (33)

Wr =0, [k] < ks,
bbb = 0, k| > ke, (34)
Ck‘l’?\/ =0,

where the Fermi momentum %y is determined by

N = 21—~f —/cF (35)

[ei<kE

We may also write
¥y = biy -+ big, (36)
where ¢, is the unperturbed vacuum and %, - - ky

are the N allowed momenta between —ky and kg,
Therefore the exact ground-state wavefunection

(¥w) 1s given by
Yy = e—ixskb?v-

In order to study the sharpness of the F.S., we
must investigate’ the mean number of particles
with momentum k, say 7,. We have, of course,

37)

Ny = b;bky
SO
b:biﬂxbzv) = (‘/‘gr, ei)‘sb;bkem‘xsib?v)-

If we wanted to know the average number of holes
N, present we may use

Nh= Zﬁlc_N-
k

ﬁ/lc = (‘pN H (38)
(39)

Clearly 7, is an even function of %, so we shall
restrict ourselves to £ > 0. Then, by (9),
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L
+ + ]- 1 - +
bibe = atan = 1 [[ dEdne* U viOUG,  @0)
0o

as one sees, by direct integration,
L

1 f ik (E-n)

Ny = L ds dne
0

X (W [e™ Vi@ v(me ™ yr). (4D

Now we have the following operator identity

exp [z‘x [ sn@ dx]th(ﬂ)

X exp [—z’)\ j;L g(@)N,(2) dx:l =e My (n), (42)

if g(x) commutes with ¥,(5). This is most easily
proved by differentiating with respect to A and
making use of the fact that

(¥a(m), Ni(@)) = 8z — n)a(n). (43)
Using (42), (41) becomes
L
fiy, = % fdg dnet "
L
x (4 [vi@wn exp {z‘x [ aw.@
X (B — 4) — Eln - y)]} v)- (44)
Expressed in terms of a;i, (34) becomes
a:kkbN = 0; k < kFy (45)
a1k‘//10v = 0, k> ky,
and
arlc\bN = 0; k> ._kl"y (46)
azklp?v = O, k < _]CF,

Writing ¢y = ¥, ¥, where ¥, depends on the
variables of the field “1” and is given by (45),
and ¥, depends on the variables of the field ¢“2”
and is given by (46), we have

7 = 1 [[ e dne 0@ i@ W)

L
X <‘I'2 exp {ik fo dyN ()

X [EE—y — E(n — y)]} \I/z>' (47)
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From (45) we have at once
+ 1 —ik’ (§—n
@ i@ MI v =7 2 T (48
k'<kF¥

The second factor in (47) is also not difficult to
reduce to simpler form. We have, in fact,

(%

X [BE — y) — By — yn}} ¥.) = Det (). (19

L
exp {z'x [ dyN (1)

Det (g) is the determinant of the matrix g,,-, where
1 f ‘ —i(ka—ka’)
war = = d e i(ka a’)y
g L)

X exp {iNE(E — y) — E(n — y)l},

the k., being the occupied states of the “2”’ particles

in (46), i.e., the k, are the set of discrete allowed

k values greater than —Fky. The proof of (50) is

given in the Appendix. The remarkable thing is

that this (infinite) determinant can in fact be

evaluated and the answer reduced to quadratures.
Writing Det (9) = G(§, 5), (47) becomes

(50)

L
- 15 ff d dﬂhz e+i(k—lc’)(E-—n)G(E’ 7
'<kF
0

7
51
SEAD (1)
L k'<kF

where
L
—_ _l_ f ik {E—1)
P = 57 [ w66 0. @2
0
III. EXPLICIT EVALUATION OF MOMENTUM

DISTRIBUTION

We now must consider the determinant G(¢, ) in
more detail. Since k, = (27/L)n,

ko = kor = @n/L)n — n');

n,n' = —ng, —np + 1, -+ | o, (53)
we may write
go g1 G2
¢G=|9 P 9 (54)
g g g0 -
gs ge q

where
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I ——
—_ —2ximy
gn =T fo dye

X exp {i\[EE — y) — E(n — ]}

[(54) incidently, is independent of kz.]

This type of determinant has been studied
extensively, and is known as a Toeplitz determinant,®
For very large order, an asymptotic formula can
be given for them, which in our case (infinite-
determinant) becomes exact. The result is the
following: for a finite Toeplitz determinant

(55)

o g1 g-m
e |
I Gu-r ¢ o
we have*
lim D?;jl = exp (Zl K,K-,z), (56)
where
1 2
D = exp [ﬂ f a6 log f(0)] N
1 2 —ilf
K =5 fo d6e=" log 1(6), (58)
) = 20 gne™. (59)
In the proof, log f(6) is defined by
log f(6) = log {1 — [1 — f(0)]}
Ny [1 — 1(6)] (60)

n=1 n

and it is assumed that this series converges.
In our case, this leads to particularly simple
results. Changing variables in (55) from y to § where

8=21|'y/L, OS 0_<_21T,

we obtain
1 2 —imb
Gm = o fo dbe

X exp {i)\[E(g - %ﬁ) - F( - —%‘i)]} (61)

3 See, for example, V. Grenander and G. Szegd, Toeplitz
Forms and thetr Applications, (University of California Press,
Berkeley and Los Angeles, 1958), especially P. 176 ff. See
also M. Kac, Probability and Related Topics in Physical
Sciences, (Interscience Publishers, London and New York,
1959), p. 60 fi.

4 The formula given in Grenander and Szegd, (reference 3)
contains K. * instead of K_z as given in (56). I am indebted
to Professor M. Kac for pointing out to me that if f(6) is
complex, rather than real as Grenander and Szegd assume,
this simple change is all that is necessary.
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Therefore from (59) we see at once that

f(6) = exp {iX[E(E — {jg) - E< - %):l} (62)

Thus for sufficiently small A\, (60) is clearly
satisfied since as one easily sees from (23) or (24),
E(z) is a bounded function of z. We shall for
simplicity assume that A\ is sufficiently small, and
therefore we may write

|

Now

(63)

1 2T
= fo a6 log f(6)

-2 f dylEE — 1) — Bt — ] = 0,  (69)

since, by (24), the average of E(z) is zero. Therefore

D = 1. (65)
Further,
N T R
K =5 fo 86" Tog f(6)
x £ -2xily.
=7 [ ause - v - B - prer
D [P v_(k_)]
a7 [(e T e (66)
Then
3 N Wl il
;Z.; KKl = 2r L kzm k
2 «
A1 (|2 L= cos k(E — n)
- T L g ll<k)| k
= —Q¢ — ). (67)
So finally we have
G, m) = e 0™, (68)

Using the periodicity of @ in ¢ and 7, we see that
(52) may be written

|
F(K)=§£%Ld£eLee Q)

_ L7 e —aw
= f_m dte'*%e .

Finally, replacing the sum by an integral in (67)
we obtain

(69)

QW = g [ @t ==Eppp. o

T
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We cannot go further in the evaluation of Q(%)
without some further information on the potential.
However, the nature of the discontinuity at the
F.8. can be investigated.

We may write

27

W= Y Rk = [ ., AP (71)
= /:dxF(x)-l- ’:k dxF (k).

The first term of (71) is a constant. To study the
behavior of 7, near the F.S. (k = k) we therefore
need F(x) only for very small x. This in turn, from
(69), requires the behavior of @Q(¢) for large .
Since Q(£) is an even function of £ we consider
it for large positive ¢. We have

Q@ _ —2%5/; dk sin k¢ Jo(k)|*

3
- 2 [vorl+o(d)].

integrations by parts. Integrating,

(72)

by successive
we get

Q® = W/2a) O log £ + C + 0(1/£9],  (73)

where C is a constant which is in principle calculable
from the potential. This may be written in the
following way:
Q® = «log (¢/a)* + 0(1/8, (74)
where
a = (\/ar) PO, (75)

and a is a constant with the dimensions of a length,
which depends only on the shape of the potential
(it is a measure of its range). Inserting (74) into
(69) we obtain, for |xa| < 1,

1 ° . cos &k
F(o == | ag 28
(%) r/o E(E/a)z“
_I(1 — 20)sinma "
= - e (76)
Thus we obtain, for |k — kr| a K 1,
0 .
f A (x) = _I'(1 ~— 20) sin 7a
k=kF 2ma
X |k = ke)al*® ok — ks), (77
where
o) =1, 2>0
= -1, z<0.
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Therefore we see that there is, for « # 0, no
discontinuity at the F.S. (because the factor
|(k — ke)al>™ vanishes there) though the slope is
infinite at this point. On the other hand, if « = 0,
(77) behaves like —2a(k — kyg), which just gives
the usual discontinuity at the F.S. Thus, in this
model, the smallest amount of interaction always
destroys the discontinuity of 7, at the F.S.

The behavior of 7, for large kfi.e., (k — kr)a > 1]
is also not difficult to obtain. From (71) we need
F(x) for large x, which is the same as knowing
Q(¢) for small ¢ From (70) this may be obtained
by expanding

Q) = 355 [ KRB+, T9)

as long as the integral converges, which we shall
assume. Writing this as

QO = 3£/,

(79)
b= fﬁ dk-k-Jo(k)|?
2r° Jo !
we obtain
F(x) = b/@m)le™"". (80)
Therefore, for large k, we have
= AU b ® v o, A _1_ —k?b2/2
e G f,, Q™ 2 o e (81)

Therefore the momementum distribution decreases
exponentially for large k.
For k close to the origin we may write

iy = fMF F(o) dx

= f F() dx + f F()de.  (82)
—c -k -k)
From (69),
f dxF(x) = f dt 8¢ = ¢9© = 1. (83)
Further, F(«) is an even function of x. Thus
i =1— F() de = 1 — Tiorp-s, (84)
kF—k
flo =1 — Tlaky- (85)

Therefore 7, < 1. If the interaction is such
that k& = 2kr is already in the asymptotic region
for large k, then 7, is exponentially small, and
fio 1s very close to unity.

Finally, we should like to conclude this section
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with a remark about the case where V(z) = &(z),
the Dirac & function. In this case v(k) is a constant,
so that (70) diverges logarithmically.

If one regards the & function as the limit of a
smooth function [a very convenient choice, with
which one can calculate explicitly, is v(k) = ¢~ '*'*?,
letting @ approach zero in the final answer], it is
easy to see that the result is simply #, = 3. The
anomalous behavior of the é-function case is not
surprising as it looks at first. Since the particle
mass is zero and A (as may easily be verified) is
dimensionless, the only length which can come
into the problem is the mean distance between
particles or, equivalently k7'. However, from (54),
ks does not enter into F(k), so that 7@, is a function
of ¥ — ks alone, which must be dimensionless.
One such example is the unperturbed distribution,
which depends only on whether k| > kr or not.
Another is a constant, which is what we actually
obtain for the s-function potential. The physieal
origin of this distribution which extends to infinite £,
is that the high fourier components of the § function
produce infinitely many pairs, so that infinitely
many particles are present.

IV. COMPARISON WITH PERTURBATION THEORY

According to the general formulas® the momentum
distribution in the ground state is given by

1 prie 8{‘0+

L — R

where Gi(¢) is the proper self-energy part of the
particle propagator. In this formalism one should
calculate the correct propagator at finite temper-
ature (including “anomalous” diagrams) and also
use the correct chemical potential . It was found
there that if the F.S. does not distort (spherical case)
this is the same as using ordinary Goldstone per-
turbation theory (no anamolous diagrams) and the
the unperturbed chemical potential. We shall assume
that this is also the case here, there being nothing
comparable to F.8. distortion in one dimension.
Then we replace u by vks and take for G.(¢) the
lowest nonvanishing contribution. This is second
order. A straightforward calculation yields, for & > 0,

o =5 ()l + [ e

Jols(e + [B'DI [3(x + (57D
- z + X ’

(86)

ﬁk = 3
27"'3 p-ioo

X 87)

where

k' = k.— ks, 2,.= (& — kgvo) .vo.
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This function is analytic in the cut z plane, the
cuts extending from — o to —|&'| and from [K'|
to «.

If this is inserted in (86) (with u replaced by
voke), the resulting integral is quite complicated
to discuss, even in the neighborhood of k = kg,
for an arbitrary potential, and we shall limit our-
selves to a special case.

Writing 2 = 2 — ¢0”, we have

G(§) = volKo(2) + 4T3 (@)].

It is easy to see that by suitably deforming the
contour in (86) we may write

0
x[ L - ]k’>0(89)
r — k, - Kk'(m) - 1,ka($) e.c.
L
=1 21;-7,./; dz
1

X {x W R —ido@ c.c.} k' < 0. (90)

Now choosing

(88)

]

ROF =1 |« <

0 |« >

q
g, 91)

[N

I

one easily sees
K@) = a k] [—-2 4 (l - ’—]fvT)
2 — — 1 IN2
X log {‘q xz(x_ k/lzk ) |:| ,
Ji(x) =0 unless —g4 ¥ <2< -k,

or [F| <z<gq+ ||

= qa |z — |k’]] otherwise.

(92)

We want to investigate 7, for small %', It is not
difficult, using (92), to show that, for small «
and |k'|, 71, takes the form

i = {1 — o(k")/(1 — 22 log |F'a])},

where a = 1/q.

This expression is, just as the exact expression,
continuous at ¥ = & , and has infinite slope there.
In fact if we write

[k'a|®® =

(93)

(e-2a log lk'al)-l

= (1 — 2a log |k'a| + ---)7,

forcing an expansion of the exact result (77) for
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small a, we see that in this sense (93) agrees exactly
with the exact answer to the order involved.

Thus, unlike the realistic three-dimensional case,
perturbation theory predicts no discontinuity at the
F.8. Since the exact answer behaves in the same way,
perturbation theory (for the proper self-energy part)
in this problem at least is a reliable guide to the
behavior of 7.

V. RESPONSE TO EXTERNAL FIELDS

If one considers particles to have a charge e,
we can induce currents to flow by applying an
external field. It follows at once from the commuta-
tion relationships that

p + dj/ox =0, (94)

where
p(@) = e (@) Y(@) = e[N,(x) + N,(@)], (95)
i@ = ey’ (@)os  Y(z) = evo[Ni(@) — Ny(@)], (96)
s =1i[H, p]. 97)

This is clearly the equation of continuity of charge,
and we can identify p and j with the charge and
current densities, respectively.®

Suppose we couple to our system an external
electric field described by a potential ¢(z, t). The
interaction is described by a Hamiltonian H.,,
given by

H.. = f @l ) dz, 98)

HT = H + Hext.' (99)

If we again make the canonical transformation (20),
Hy = ¢ Hpe ™, (100)
we find, since S commutes with H .,
Ay = H, + H.,.. (101)

Therefore, for a static field, all the energy levels are
identical with the noninteracting case. In particular,
this means that the Kohn effect’ (which predicts
a logarithmic singularity in |¢ — 2ky| for the change
in energy of the system in the presence of an external
field of wavenumber ¢) is completely unaltered
by the interaction, this, in spite of the fact that
the behavior of 7, in the neighborhood of & = kg
is profoundly altered.

If we calculate the linear response, (i.e., the current

5 In reality these definitions should be modified by the
subtraction of infinite constants corresponding to the redefi-
nition of the vacuum state as that with no holes and no
elections. We imagine this done in what follows.

¢ W. Kohn, Phys. Rev. Letters, 2, 393 (1959).
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that flows to terms linear in the external field)
by means of (say) the Kubo formula,” then one
sees immediately that the result is the same as
in the unperturbed case. Again this result is due
to the fact that both the charge and current densi-
ties depend only on N, and N,, which commute
with S. This is also true if the external field couples
to the current or when there are impurities present
which act on the individual particles.

Finally, we may consider ‘positron annihilation”
in this model.® Usually this is thought of as an
effect which gives a direct experimental measure-
ment of 7. In the one-dimensional case one cannot
measure an angular correlation between the photons
which come out. However, one can ask questions
about the probability of one of them having a
momentum between ¢ and ¢ 4+ dg. We do not want
to enter into a long discussion of the various pos-
sibilities here. We mention, however, that if one
couples massless ‘“‘photons” described by a scalar
field ¢ having velocities u,(<v,), via an effective
interaction for pair annihilation,

L

B = g [ dop)g@); (102)

¢
then again only the unperturbed momentum dis-
tribution plays a role. However, if one takes more
complicated couplings (depending for example on
other bilinear expressions than p or j) one can get
a large effect from the interaction.

Thus we see that although the momentum
distribution is very much altered by the interaction
in this model, it is by no means true that effects
due to “particles at the Fermi Surface” are cor-
respondingly altered. In other words, the naive
association of the existence of a discontinuity in
the momentum distribution, and the quasiparticle-
like behavior of a weakly excited system of inter-

acting fermions is shown to be unjustified for this
model.

APPENDIX
We want to evaluate expressions of the following
type:
I = (¥, AVD),

: (AL)
A= exp [z f Q¥ )W) dy] ,

where Q(y) is an ordinary function, and where ¥

7 R. Kubo, Can. J. Phys. 34, 1274 (1956).

® See, for example, R. Ferrell, Rev. Mod. Phys. 28, 308
(1956).



1162

represents a wavefunction in which the single-
particle statesn = 1, 2, - .- , M are occupied. If we
write

Yy) = Z @.0a(Y), (A2)

where the ¢,(y) are a complete orthonormal set
of single-particle states, then clearly

¥ = a; - ay¥,. (A3)
¥, is the unperturbed vacuum.
We may write (Al) as
I= W, ay - qAal - - ay¥). (A4
Writing
a = [ daet)ve), (45)
we get, making use of (42),
g A = fdzl‘P*l‘(zl)‘p(zl)A
= A f dzie%(z)e™ " Y(z). (A6)
Therefore, (A4) becomes
M .
I = (\I/D, A f d”z(H ox(z, e'°""’>
nwl
X Yew) - Y@ar - ax | Vo). (A7)
Since ¥, is the unperturbed vacuum,
A‘I’o = ‘PQ, (AS)
8o that (A7) becomes
M .
/= f sz(H w;(zn)e“‘““’)
n=1
X (o, o) * -+ ‘//(zl)a: o GL‘I’O) (A9)

M
= f a'z d“Z’(H so’ﬁ(zn)wn(z,i)em""")

n=1

X (o |¥len) + - - YY) -+ ' (2) | ¥0). (A10)

The expectation value in (A1l0) is a familiar one
in the many-body problem. It can be obtained by
taking the sum of the produects of the corresponding
expectation value for all possible ¢, ¥* pairs. The
sign of each term is given by a plus if the permutation
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necessary to bring them to the required position
is even, a minus if it is odd. Clearly then

1= [ @y S p(IT etedcne )
X (‘I’o ’¢(21)‘P+(Zf)l Te) -+ - (‘I’o !‘p(zM)‘/’+(zﬁl)1 ‘I’o)-
(A11)

The sum on P is over all possible permutations of
the variables. Now

(‘I’o |¢(zl)¢+(zf)l ‘I’o)
(To [Y)¥ (@) + ¥ @) y(a)] To)
8z — 2)(Wo, ¥o) = 8(z — 20),

Il

(A12)
I= fsz ; (=) et - philaar)e’ ™

X oi(2) -+ @i (2), (A13)

where

P(1v2y e 7M)= (7:1,7:% *

Sy iM)y

or
I= ZPI (=)o, €°90:) - (our, €99 ). (Al4)

This, however, is just the definition of the determi-
nant of the matrix ¢,,, where

9.

grm’ = (‘Pny € (A15)

Therefore,
I = Det (g).

If we take for the ¢, plane wave states, we get
just the result used in the text.

Incidently, if one does this in configuration space
and uses determinental wavefunctions, this becomes
a well-known theorem about the integral over
products of determinants.
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A consistent relativistic theory of transport processes in a simple gas is developed. The approach
is the four-dimensional geometric one due to Synge. Secalar and vector eigenfunctions of the linearized
collision operator are derived when the scattering cross section is a simple separable function of
scattering angle and relative velocity (Maxwellian particles). The bulk viscosity and thermal con-

ductivity are computed explicitly for this case.

1. INTRODUCTION

HE study of relativistic kinetic theory has

recently received a new impetus, partly on ac-
count of developments in plasma physics." During
the last few years derivations of the relativistic
form of Boltzmann’s transport equation, with®>* or
without*'® collision term, have been presented in-
dependently by several authors. However, the only
applications so far considered have been concerned
with the equilibrium state. Apart from Lee’s® esti-
mate of the thermal conductivity of a relativistic
Fermi gas, the relativistic theory of transport
processes seems to be an unexplored field. It is the
aim of this paper to develop the elements of such a
theory for a relativistic Boltzmann gas.

A “conventional” approach to relativistic kinetic
theory (e.g., Clemmow and Willson®) is hampered by
the burdensome calculations needed to check the
Lorentz invariance of the formalism. To avoid these
difficulties, we shall adopt the elegant four-dimen-
sional geometrical point of view which has been
consistently and fruitfully exploited by Synge.*”"®°
This makes Lorentz invariance manifest at every
stage by relating all quantities entering the formulas
to geometrical objects in space-time. Tauber and
Weinberg achieve the same effect by the use of a
powerful but rather elaborate eight-dimensional
formalism. The present approach is simpler and

1 See the articles by O. Bunemann in Plasma Physics,
edited by J. E. Drummond (MCGI‘&W-Hlll Book Company,
Inc.,, New York, 1961}, Chaps. 7 and 10,

'G. E. Tauber and J. W. Weinberg, Phys. Rev. 86, 621
(1952), 122, 1342 (1961).

N. A. Chermkov, Soviet Physics—Doklady 2, 248 (1957);
5, 764, 786 (1960); 7, 397, 414, 428 (1962).

1J. 1. Synge, The Relativistic Gas (North-Holland Pub-

hshmg Company, Amsterdam, 1957).
$P. C. Clemmow and A. J. Willson, Proc. Cambridge
Phil. Soc. 53, 222 (1957).

§T. D. Lee, Astrophﬁs J. 111, 625 (1950).

7 J. L. Synge, Trans. Roy. Soc. Canada IT1 28 127 (1934).

8J. L. Synge, Relativity: The Special Theory (North-
Holland Publishing Company, Amsterdam, 1956).

®J. L. Synge, Relativity: The General Theory (North-
Holland Publishing Company, Amsterdam, 1960).

equally effective, at least for the simple applications
we have in view.

Because of our different point of view, it has
seemed worthwhile to develop the theory ab nitio,
even though in the early sections this entails some
overlap with previous work.

The first part of the paper (Secs. 2-9) is con-
cerned with the general theory of a simple gas,
neglecting quantum effects and regarding gravita-
tion and binary collisions as the only interactions.
After some preparatory work, the Boltzmann col-
lision equation is obtained (Sec. 4) and used to
derive the conservation equations and the Boltz-
mann H theorem (Sec. 5). The equilibrium state
is briefly considered in Sec. 6. Since this has been
extensively studied elsewhere,®®'* we present only
enough of the theory to display a number of formulas
needed later.

Sections 7, 8, and 9 are devoted to the study of a
gas close to equilibrium. Expressions are derived
for the heat-flow vector and the viscosity tensor.
It is confirmed that the heat flow is determined, not
by the temperature gradient, but by the gradient
of thermal potential, defined as

[1 4+ ¢7? (chemical potential)]/(temperature).

(This result first emerged clearly in the phenomeno-
logical theory of Landau and Lifshitz," although
it is implicit in earlier work by Eckart.'") It is also
shown that the relativistic gas possesses a bulk vis-
cosity which vanishes only in the classical limit.

Finally, in the second part of the paper (Secs.
10-15), explicit expressions for thermal conductivity
and bulk viscosity are obtained when the scattering
cross section for collisions has a simple separable
form (“relativistic Maxwellian particles”).

¥ 1. Landau and E. Lifshitz, Fluid Mechanics (Addison-
We;éey Publishing Company, Reading, Massachusetts, 1959),
P

1 C. Eckart, Phys. Rev. 58, 919 (1940).
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PART I: GENERAL THEORY

2. 4-Momentum Space

Our attention will be confined throughout to a
simple gas, i.e., an assemblage of material particles
with a continuous distribution of velocities, all
having the same proper mass m. The only inter-
actions we shall deal with are gravitation, treated
as a self-consistent background field, and elastic
binary collisions at close encounters. The history
of the assemblage is thus to be conceived as a net-
work of timelike world lines in a Riemannian space—
time. Each world line has a denumerable set of
kinks, corresponding to collisions; between kinks
the world line is a geodesic.

The unit tangent p* to a world line, satisfying

9P = —1, 2.1)

may be regarded as a normalized 4-momentum or
4-velocity (the true 4-momentum is mcp*). [The
metric is assumed to have signature -2, so that
in a local Minkowskian (inertial) frame (z, ¥, 2, ct),
the metric tensor reduces to diag (1, 1, 1, —1).]
We define the 4-momentum space at a world point
2" to be a Galilean 4-space tangent to space—time
at z*. Each curvilinear coordinate net in space—time
induces in the tangent 4-momentum space a natural
set of (in general, oblique) pseudocartesian axes,
whose origin we take to be the point of tangency.
We may now visualize the 4-momenta p* of particles
at a given world point as line segments in the local
4-momentum space, emanating from the origin and
terminating on the unit pseudosphere (2.1). (Cf.
reference 4, Chap. I).

Employing a local Minkowskian frame, we can
define polar coordinates (x, 8, ¢) on the unit pseudo-
sphere by

p* = (sinh x sin @ cos ¢, sinh x sin #sin ¢,
sinh x cos 6, cosh x). 2.2
The intrinsic metric of the pseudosphere is given by
dpy + dp: + dp; — dp;
= dx® 4 sinb® x(d6® + sin® 6 dp?),
so that the 3-dimensional element of area or solid
angle is ‘

dw = dx(sinh x d6)(sinh x sin 6 dp). 2.3

The projection of dw onto the 3-flat of the Cartesian
axes Pi, Pa, Ps 1S

dp, dp, dp; = dw cosh x. 2.4)
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The number x, which measures the inclination
of p* to the time axis, exemplifies what we shall
call a pseudoangle. More generally, the pseudo-
angle ¥ between p* and a unit timelike vector »* is
defined by cosh ¥ = |n,p"|. In the local Minkow-
skian frame whose time axis is parallel to n*, cosh ¥
reduces to p* or (1 — v*/¢°)"} where v is the 3-
velocity. We record a useful result called the pro-
jection theorem (reference 8, p. 275): the projection
of a flat 3-area S, with normal p", onto the 3-flat
normal to n*, 7s S cosh y. Equation (2.4) represents
an obvious special case of this, since dw is normal
to the radial vector p*.

3. Dynamics of Collisions

We consider an elastic collision between two
particles having the same rest-mass m. The initial
momenta p,, 'p, and the final momenta p%, 'p*
all satisfy normalization conditions of the form (2.1).
Conservation of 4-momentum is expressed by

Du T+ " = D} + 'pk. (3.1)

Define the relative 4-momenta of the particles
before and after collision to be the spacelike vectors
7, /,

g# = pl‘ - pln gf = pf - p::- (32)

It follows from (2.1) and (3.1) that these vectors
have the same magnitude:

g = (9.9 = (g%g"*)} = ¢*. (3.3)

The vector

Pu= 4+ 92)_*(17# + ,pu) = Py (3.4)
is tangent to the world line of the centroid. We have

ﬁapa = _1: gaﬁa = !]fﬁa = O, (35)

so that g, and g% lie in the 3-flat in 4-momentum
space normal to p,—the ceniroidal 3-flat. In the
center-of-mass frame, g, and g* are thus purely
spatial vectors, equal to the relative 3-momenta,
of the particles.

Let &, eand 9*, €* be polar angles in the centroidal
3-flat which measure the orientation of ¢, and g*
relative to any orthonormal triad fixed in the 3-flat.
Such a triad might, for instance, be constructed
by projecting the cartesian axes of p;, p., ps; onto
the centroidal 3-flat and performing a Schmidt
orthonormalization. Physically, the parameters mcg,
¢, e fix the magnitude and direction of relative 3-
momentum in the center-of-mass frame. The mo-
menta of the particles before collision are completely
described either (i) by the six polar angles x, 0
@, 'x, 0, ‘¢ of the unmit vectors p,, 'p, [see (2.2)]

)

2



RELATIVISTIC KINETIC THEORY OF A SIMPLE GAS

or (ii) by the three polar angles %, 6,  of p,, to-
gether with g, ¢, e. Computing the Jacobian of the
transformation between these two sets of param-
eters, we find (see Appendix)

dodo = (1 + P dog® dgsindddde.  (3.6)
Similarly, for the momenta after collision,
do* d'w* = (1 + 1¢g*))} do*g** dg*
X sin 9* dd* de*. 3.7

Noting (3.3) and (3.4), we obtain Liouville’s theorem

in the form

dw d’w sin 9* dd* de* = dow* d'w* sin ¢ dd de. (3.8)

4. Distribution Function. Boltzmann’s
Collision Equation

Let dS be a flat 3-dimensional target at the
world point z* with unit normal n*. The ¢ndicator
of n* is

en)y =nn* = {

1 forspacelike ="
-1
Consider the tube of parallel world lines with
tangent p* which intersect dS. The normal section
of this tube has 3-area dS |n,p"|. It is easily verified
that the world lines cross in the positive or negative
sense of the normal accordingly as e(n)n,p* is
positive or negative. Hence, for the neff number
of world lines making a positive transit across dS,
whose tangents lie within a solid angle dw sur-
rounding the vector p*, we may write
N(z, p)en)n,p" dS dw. 4.1)
The distribution function N(z¥, p,) is a relativistic
invariant, as is evident from the geometrical charac-
ter of its definition (cf. reference 4, Chap. II).
To interpret (4.1) in familiar three-dimensional
terms, we choose #n* as time axis of a local Minkow-
skian frame. We then have, recalling (2.4),

dS = dx dy dz, — ") de = dp, dp, dp..
Hence, (4.1) reduces to
N(z, p) dz dy dz dp. dp, dp.,

giving the number of particles in the volume dz dy dz
having the indicated range of 3-momenta.

The nett number of world lines escaping from the
infinitesimal 4-volume dr in space-time bounded by
a closed 3-space S, and associated with the range
of 4-momenta (p*, dw), is

p* do f Nz, p)e(m)n, dS
= p*(0N(z, p)/9z*) dw dr,

for timelike »*

(4.2)
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by Gauss’s divergence theorem (reference 8, p. 276).
In the absence of collisions and external forces
(other than gravitation), the number of particles
baving a given 4-momentum stays constant as we
follow the particles. We then obtain

PON(,p) =0 (9, = 9/%a").
To allow for collisions, let
Wp, 'p; p*, 'p*)N(z, p)
X N(z, 'p) do d'w do* d'w* dr (4.3

be the number of binary collisions in the 4-volume
dr at z" between particles having initial momenta
in the ranges (p®, dw), ('p*, d'w), and final momenta
in the ranges (p*, dw*), ('p*, d’w*). The number
of particles having a given range of 4-momenta
(p%, dw) is then depleted through collisions in dr by

N(z, p) dw dr ff W(p, 'p; p*, 'p*)

X Nz, 'p) d'o do* d'o*,  (4.4)
and augmented by
dodr [[[ Wr, 5% 0, BN G, p¥
X N(z, 'p*) do* d'w* d'w. (4.5)

Equating (4.2) to the difference of (4.5) and (4.4),
we obtain Boltzmann’s collision equation in the
absence of (nongravitational) external forces:

oG, o) = [[[ W, pi0*, 20,

X N(z, 'p*) — N(z, p)N(z, 'p)] d'w do* d'w*. (4.6)

In writing down (4.6), we have used the symmetry
property

W, 'p;p* 'p*) = Wo*, 'p*;p,'p), 4.7)

which expresses the assumption of microscopic re-

versibility of the collisions. We note also the trivial
symmetry
W, 'p; p*, 'p*) = W(p, p; 'p*, p*),  (4.8)
which follows by inspection of (4.3). The properties
(4.7), (4.8) of the probability amplitude [for the
conservation laws, (4.8) alone suffices], together with
its positive-definite character, are sufficient to
establish all the general theorems (conservation laws,
H theorem, etc.) of Sees. 5-9.
For the explicit calculations of Secs. 10-15 we
shall postulate in addition that the interaction be-
tween two particles has axial symmetry about their
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line of centers. We now express this as a condition
on W. Observe first that, since only collisions satisfy-
ing (3.1)—or, equivalently 5. = p*, ¢ = g*—can
occur, W must have the form

W(p, 'p; p*, 'p*) = W.8.(0% — p.)é(g* — 9).

Here, & is the Dirac delta function, and §, the 3-
dimensional delta function on the pseudosphere

papa = —1:
[ 100 6. @t = 92 do = 1.

In a local Minkowskian frame, the function &,
may be expressed in terms of the Dirac delta func-
tion by

3,(p% — Do)
= —p,8(p¥ — p)8(pF — p)6(PF — pa).

Our assumption of axial symmetry is embodied
in the statement that the scalar W, can depend
only on the two scalar collision invariants g and O,
where

cos © = g*¢°/qg". 4.9
We can now write
W(p, 'p; p*, 'p*) = (1 + 1¢°)g7"0(g, ©)

X 8,(0% — Pa)8(g* — ¢g).  (4.10)

Substituting (4.10) in (4.3), and noting (3.7), we
find that [abbreviating N(z, p) = N, N(z, 'p) = 'N,
ete.]

(N dw)(’N d'w)go(g, O)(sin 9* do* de*) dr

represents the number of particles with relative 3-mo-
mentum mcg which are deflected through the angle
© and scattered into the solid angle sin #* dd&* de*
in the center-of-mass frame. The scalar o(g, 0) is
thus to be interpreted as the scattering cross section
observed in the center-of-mass frame. Boltzmann’s
collision equation, expressed in terms of o, reads

o = [ [ [ o0

X ('N*N* — 'NN) sin 0* do* de* d'w.  (4.11)

5. Conservation Laws. H Theorem

Let W(z, p) be an arbitrary tensor function of
z*, p, and abbreviate W'(z, p) = ¥, W(z, p*) = ¥*,
etc. We define

Jo0) = [[[[ ., 0%, vHwia, p)
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X ('N*N* — 'NN) dw d'» do* d'w*
1
T 1 ffff W, 'p; p*, 'PHIW + "W
— ¥ — "W ('N*N* — 'NN) do d'o do* d'w*,
(5.2)

where we have used the symmetry properties (4.7)
and (4.8). From (5.2) and (3.1),

J(F) =0 (5.3)

Multiplication of the collision equation (4.6) by
¥ (z, p) and integration yields

(6.1)

if w=1 or p".

f wp O,N(z, p) do = J(@). (5.4)

The choices ¥ = 1, W = p" now lead to the five
conservation laws

M4, =0, T, = 0. (5.5
Here, the vertical bar denotes covariant differentia-

tion, and

M@ =me [ Ne,pp'do, (5.0

@) = me [ Neppp' o (5)

define the numerical flux vector and the stress energy—
momentum lensor.
The entropy-flux vector is defined by

S2) = —k f N, p) log [AN(z, p)lp* dw,  (5.8)

where k is Boltzmann’s constant, and A a constant
having the dimensions of N~'. Using (5.4) and (5.2)
with ¥ = log N(z, p), we find

S, = ik ffff Wp, 'p; p*, 'p*)
X [log !N*N*) — log ('NN)]
X ('N*N* — 'NN) do d'w do* d'o*
>0,

(5.9)
(5.10)
which expresses Boltzmann’s H theorem.

6. Equilibrium

The equilibrium state is characterized by S*, = 0,
which, by (5.9), holds if and only if

log N + log ‘N = log N* + log 'N*.

Since 1 and p* are essentially the only additive col-
lision invariants, log N must be a linear combination
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of them. Writing N,(x, p) for the equilibrium distri-
bution, we therefore have

No(z, p) = az) exp [B.(x)p"]. (6.1)

In order that [ N, dw be finite, it is necessary that
B.(z) be timelike. We set

B = —B@BR),  Bul) = ¢ Bua),
wu = —ct.  (6.2)
The collision equation (4.6) reduces to
p*d,No(x, p) = 0.
Substituting (6.1) into (6.3) yields
"9, log a(x) + p"p"Bu, = 0,

an identity for arbitrary unit, timelike vectors p“.
We deduce

(6.3)

Bylv + ﬂvlu = O (64)

Anticipating the fact that «* is the macroscopic 4-
velocity of the gas, we see that the most general
motion of a gas in thermal equilibrium is a Killing
rigid motion or ‘“‘group motion.”'* The relations

(6.5)

a(r) = a = const,

%, = u,,u = d,logB(x), %9, logpBx) =0,

follow immediately from (6.4) and (6.2).

For a more detailed discussion of thermal equilib-
rium in a gravitational field, we refer to reference 2.
From this point onwards we neglect gravitational
effects and consider space—time to be flat. The
general solution of (6.4) in Minkowskian coordinates
is then

Bux) = w,t” + B, (6.6)
where w,, and B, are constants. We shall assume
further that w,, = 0, thus excluding rigid rotations.

The equilibrium distribution function now takes
the simple form

No() = o exp [6,p"]. (6.7)

The numerical flux M} and the energy tensor 7%’
for equilibrium are most easily obtained from
the generating function

(wuv = '—ww) ,

Zoe, 8) = [ Np) do = o [ exp 31 du. (69

We have, in fact,

M} = medZ,/38,, Ty = mc*d°Z,/98,08,. (6.9)

12 Cf. G. Salzman and A. H. Taub, Phys. Rev. 95, 1659
(1954). The above theorem appears to have been first enunci-
ated by Tauber and Weinberg, reference 2, p. 1358. Its classi-
cal counterpart is given by R. H. Fowler, Statistical Mechanics
(Cambridge University Press, New York, 1929), 1st ed,,
p. 430.
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The integral in (6.8) is readily evaluated by choosing
polar coordinates (2.2) in 4-momentum space with
the axis x = 0 parallel to u":

«© T 2r
- h
a«[ f f € Pk
0 0 0

X sinh® x dx sin 8 d8 de
4maK,(B)/8. (6.10)

We recall the definition of the modified Bessel func-
tion of the second kind:

Zo(ay Bu) =

I

K8 = 13 ---B(2n Y
X f TP x gkt dy. (6.11)
Noting '
@d/dB)[8"K.(B)] = —B"K...(8),  (6.12)
98/0B, = —cu',  96/9B, = Gun,
we easily obtain from (6.9),
My = o, (6.13)
Ty = (u + ¢ °P)u'n’ + Pg”’
= wu'u’ + PAY, (6.14)
where

Auv = guv + C—Zuuuv
= diag (1, 1, 1, 0) in proper coordinates;
p = 4rmaK,(8)/8, P/c’ = 4xmaK,(8)/8’ , (6.15)
u + ¢’P = dxmaK,(B8)/B. (6.16)

Formulas (6.15) and (6.16) for a relativistic
Boltzmann gas were first given by Jiittner."® The
interpretation of «* as the hydrodynamical 4-
velocity, and of P, uc’, and p as the pressure, energy

density, and density of proper mass measured in

the rest frame, are obvious from (6.13) and (6.14).
Also, comparing the relation

P/’ = p/B (6.17)
with the classical gas law P = (k/m)pT, we infer
8 = mc*/(kT). (6.18)

This equation will be adopted as the definition of the
relativistic temperature 7.

13 F, Juttner, Ann. Phys. (Leipzig) 34, 856 (1911); 35, 145
(1911). Relativistic Bose and Fermi gases are treated in a
later gaper: F. Juttner, Z. Phys. 47, 542 (1928). See also S.
Chandrasekhar, I'ntroduction to the Study of Stellar Structure
(1939) (The University of Chicago Press, Chicago, 1939),
Chap. X; J. L. Synge, The Relativistic Gas (North-Holland
Publishing Company, Amsterdam, 1957), Chap. IV.
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Higher moments of the distribution function can
be computed in similar fashion. If we define generally

™ = me* f N(z, p)p'p°p’ dw, (6.19)

then we have in equilibrium,
0" = mc’9°Z,/9P\3B,.0B,
(¢ + 3¢ PuMun’
+ (g + g™+ gu)

= &M’ + 3tA™Mu”,

(6.20)
with

£+ 3¢t = 4rmaK,(0)/8,

¢ it = 4rmaK;(8)/8°.

Parentheses enclosing a group of indices indicate
“mixing”, e.g.,

A(aﬁv) = (1/3!)(/1“57 + A'z'rﬂ
+ Aﬂ'ra_*_Aﬂav_‘_ A'raﬂ_{_Avﬂa).

The new functions £ and ¢ can be expressed in terms
of parameters already introduced:

(6.21)

£=p+ 3P, =P (6.22)
The relativistic enthalpy 7 is defined by
n= (u+c’P)/p = KB)/K:(8);  (6.23)

it corresponds to [1 + ¢~* (classical enthalpy)].
For the entropy flow in equilibrium we have,

from (5.6), (56.7), and (5.8),

So = —k f Bp* + log Aa)Nop" dew

= —(k/meBTs" — (k/me) log (Aa)M
(k/me)(Bu — p log Aa)u”,

where we have used (6.2), (6.13), and (6.14). The
entropy per unit mass S, defined by

eS8t = pSu”,

I

(6.24)

(6.25)
has the value

S = (k/m)(n8 — log @) + const. (6.26)

This equation enables us to express « in terms
of familiar macroscopic parameters. Defining the
thermal potential @ by

_ 1w P _ ) _n=c’T8
T ( P + P Ts) = T
= [1 + ¢? (chemical potential)]/7,

6.27)
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we have -
log @ = (mc*/k)8 + const. (6.28)
From (6.15) and (6.12),
Lop_¢[de_ K8 }
P P B [ Kz(ﬁ) a8
= c¢’T do — nc’ dB/B. (6.29)

Hence (6.27) yields the basic phenomenological
relation

TdS =c*dny— (dP)/p
= d(uc’/p) + P d(1/p).  (6.30)

For future reference, we record some formulas
involving the specific heats. Defining

cr = T(@8/8T)p, ¢, = T(38/0T),, (6.31)
we have from (6.30), (6.23), and (6.18),
cp = ¢ dn/dT = —(k/m)g’ dn/dB, (6.32)
and similarly,
c,=c2g—;’;-—d%<1—;> - —% (1+523—g)- (6.33)
We thus recover Robert Mayer’s relation
cr — €, = k/m. (6.34)

The ratio of specific heats v = ¢p/c, is given by
v/t = 1) = =8 dn/dB; (6.35)

v decreases monotonically from § in the classical
limit (3 — o) to % in the ultrarelativistic limit
(8 — 0). The ratio v/(¢v — 1) has been tabulated
by Chandrasekhar (reference 13, p. 397).

From (6.23) and the well-known formulas for the
derivatives of the Bessel functions, one readily

obtains

dn/dB = 7" — (5/8)n — 1. (6.36)

The following identities now follow easily from
(6.17), (6.22), (6.23), (6.35), and (6.36):

P — ”P = P2/02v
ot — p* = cP/ly — 1),
pe — EP = (P*/B)[mB — v/(v — D).

(6.37)

7. Off-Equilibrium
The equilibrium state was distinguished by the
existence of a unique, timelike vector %* which

could be identified with the hydrodynamical 4-
velocity. The various tensors characterizing the
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macroscopic properties of the gas—the entropy flow
S*, the numerical flux M* the energy tensor 7",
and all higher moments of the distribution function—
were completely determined by u* and a pair of
scalars. Away from equilibrium, this simple situa-
tion no longer prevails. While M*, T*| and S* are
still unambiguously defined by Eqgs. (5.6) to (5.8),
they are no longer expressible in terms of a single
4-vector. The definition of a macroscopic 4-velocity
now becomes largely a matter of arbitrary choice.
Thus, we might define the mean motion of the gas
in terms of the stream of particles (choose »* parallel
to M*), or in terms of the flow of energy (choose
u" as the timelike eigenvector of T*’), or in any
other way consistent with the equilibrium definition.

"This indeterminacy of the macroscopic rest frame
rests basically on the relativistic equivalence of
mass and energy, and has no exact analogue in the
classical theory of a simple gas. It means that local
thermodynamic parameters such as the energy
density uc® or the specific entropy S cannot be de-
fined in an absolute manner. The conventional hydro-
dynamical description can be salvaged only if one
assumes—as we do here—that the deviation from
local equilibrium is small.

The theory here developed is primarily intended
to apply to a gas close to equilibrium, and without
circulatory motion, in flat space-time. It may be
remarked, however, that the theory is also applicable,
with no formal changes, to a gas in a weak, slowly
varying, external gravitational field. The self-field
of the gas is neglected; its consideration would
require the introduction of Einstein’s field equations.

We assume that the actual distribution function
is approximated at each world point by a local
relativistic Maxwellian distribution

No(z, p) = a(z) exp [8.()p"], 7.1

in which the five functions «, 8, are disposable
parameters. We set

where f, which measures deviation from the local
Maxwellian distribution, is assumed small compared
with unity; we neglect quantities of order f°. It
will also be assumed that the spatio-temporal varia-
tion 9,f over macroscopic distances is small com-
pared with f, and ean be neglected.

Substituting (7.2) into (5.6), (5.7), and (5.8), we
obtain

M*xz) = M) + Mi),

™@) = 7@ + T7@), (7.3)
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§*x) = Sol@) + Si(@),

where M4, T4, and S are associated with the
Maxwellian distribution function Ny(z, p). They are
given by the formulas of Sec. 6 [Eqgs. (6.13) et seq.],
but now the 4-velocity and all the thermodynamic
parameters have to be regarded as functions of z*
The first-order correction terms are

Miw) = me [ N, pfp* do, 7.4
1) = mé [ Nute, ey’ de, 1.5)
§:@) = —k [ Nyllog No -+ const)fp” de

= —(ch + const)M} — (cT) 'u,T3*; (7.6)

they embrace the various transport effects.

So far, we have not specified precisely how the
local Maxwellian distribution N, is to be fitted to
the actual distribution function N. It will be assumed
that the five parameters «, 8, have been chosen to
satisfy the two conditions

Miu, = 0,
of which

Ty, = 0, (7.7)

Stu, = 0 (7.8)

is a consequence. This leaves three degrees of freedom
(essentially the three independent components of u,),
which we shall not need to pin down further. [The
conditions (7.7) could, for instance, be supple-
mented by postulating

MiAL = 0, or T¥Abu, = 0.
In combination with (7.7) this implies

M* = pu¥, or T"u, =

either

either — (uc®)u",

and one other condition. If we impose the first of
these restrictions, we are driven on the path corre-
sponding to Eckart’s phenomenological theory; the
second choice corresponds to the Landau-Lifshitz

formalism. There are, of course, many other pos-
sibilities].

8. The Linearized Boltzmann Equation

Inserting (7.2) into (4.6), and retaining only terms
of first order in f, leads to the linearized Boltzmann
equation

p"a,‘No(ﬁi, p) = _Nﬂ(xv p)GG[f]r (8*1)

where the linear integral operator £ has the form

Llfl = fff W(p, 'p; p*, 'p*)

X N, §(f) d'w dw* d'w*, (8.2
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&f) = f(z,p) + fx, 'p) — fz,p*) — f(z, p*). (8.3)

For explicit calculations, the form [cf. (4.10),
(4.11)]

e = [ [ [ oolo.0 N, 50

X sin 9* do* de* d'w, 8.2")

which expresses the linearized collision operator in
terms of the scattering cross section ¢, is more

convenient.
It will be convenient to define the inner product

of any two functions F(z, p), G(z, p) by

7, 6) = [ Nz, D6, DelF] do 8.4
= JII o,
X 8(F) 8(@) do d'w do* d'w* (8.5
= (G, F). (8.6)
From (8.5) we have
¢, >0, 82)

with equality if and only if 8(f) = 0. Thus the only
independent solutions of the homogeneous integral
equation £[f] = 0 are the collision invariants 1, p”.
The positive-definite property (8.7) obviously ex-
tends to the “square” of any spacelike tensor (ie.,
a tensor all of whose components involving an index 4
vanish in a suitable frame of reference):

8.8)

The linearized Boltzmann equation has to be
solved for f(z, p), given 9,N,, i.e., the space-time
gradients of «, 8.. Not all these gradients can be
freely assigned; they are subject to the five conditions

M =0, (8.9)

which have

(@M, &,,..a,) > 0 forspacelike &.

T MY

0o v = Oy
S, =0 (8.10)
as a consequence.

Equations (8.9) are simply another form of the
othogonality relations

(.1 = [ Noelfldo = o,
(8.11)

(.9 = [ Noelilp* do = 0,

which follow from (8.5), and express the condition
that there is a five-parameter family of solutions
of the inhomogeneous integral equation (8.1). The
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conditions (8.9) can also be deduced directly from
(6.5), recalling that 0,f is assumed negligible. Simi-
larly, (8.10) follows directly if we observe that (5.9)
can be written correctly to the second order in f:

S = Kk, f). (8.11)

Following the classical approach of Chapman and
Enskog, we proceed to eliminate the five time
derivatives

dﬁu/dT = B.n = u)‘BAIX

from the left-hand side of (8.1) by use of (8.9).
The equations

Moum = A)‘,,,To)w” =0 y181d

do/dr = & = 49,0,

p = —pusa, (8.12)
—(u + c°P) T AlS\P. (8.13)

From (6.25), (8.10), and (8.12), it follows that
entropy is conserved along the streamlines:

i, =

S = 0.
Hence, noting (6.30) and (6.17),

L éﬂ) s_1d (e)

7 (aP L0\

= —(8/6°) — B7'u" ..
On the other hand, from (6.35),

. -
K (v — DB

Solving for 8 yields
B' = ﬁ(’y - l)ualav

and hence, by (6.26),
me ,_ 4 (

(8.14)

(8.15)

d
a7 080 = 5= 0 =12

It

By — 1) — vlu®.. (8.16)

Equations (8.13), (8.15), and (8.16) furnish the
time derivatives of the five basic parameters in
terms of the purely spatial derivatives A} 3,P and
u%e = A™u,,. Substituting into the left-hand side
of (8.1), we obtain

—&[f] = p*[A} log Ny — ¢ *u,(d/d7) log N,
= (mc’/k) () A1p" + ¢ Bu.nAlp'p’
+ ¢7Bl’87'0x8 + (1 + ¢ °P) 3P AN p
— ¢[nBly — 1) — vlu® up*

— By — Dut uupp’.
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We infer from (6.29) that
¢*B7'0N8 + (u + ¢TP) WP = (mc’/knB)d0,
and we adopt the abbreviations

— AB 1 o
€ = AQUy s — FALU 1.

= %A‘;AE(uaIB + u,ﬂla - %Aaﬁu)‘l)\)y (8'17)
P’ = A,p'p’, sothat ¢ 'up* = —(1 +p’)t, (8.18)
@'’ = A0’ — FATP. (8.19)

Then the above equation reduces to

elf] = B, Buie + (mc'/B)n7'(L + ) — 1]

X (8,0)AMp" — ¢ 'Ben(p"p”), (8.20)
where
B, B) = —BGE — )P’
— 8y = D) =4I + )+ 86y — 1. (82])

To discern the general form of the solution of
(8.20), we note that the four components 8, = Bu,/c
are the only parameters nontrivially involved in
the integral operator £. Hence the effect of £ on
various functions of p* must be as follows:

L[F(p")] = F,
L[F@)p] = Fp" + Fau',
L[F)p'p] = Fap'p” + 2Fu"p”
+ Fa'u' + F,A",

where F; = F,(p°, 8) (¢ = 1, --- , 7) are unde-
termined functions. From the linearity of £, it
then follows that

L[FEHAD'] = F.0°, AL,
LFE)P'P) = F.0°, B)0'p)-
The solution of (8.1) accordingly has the form
fle,p) = ¢ 4,0, B)u" .
+ (mc/k) A,(p", B)(B:6)Aup"
— ¢ B4, BenlpP”) + fronlz, D),

where the functions A, are solutions of the integral
equattons

(8.22)

£[4,(0%, 8] = B®’, B), (8.23)
L[4, HAW'] = 'L + POt — 1]Alp*, (8.2
L[4,0% B)p"p")] = @'p"), (8.25)

and fuom 18 the general solution of the homogeneous
equation L[f] = 0:

fron(®@, p) = Cu2)p* + Cs(x). (8.26)
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In conformity with our original assumptions con-
cerning f, the five functions C; are to be considered
small and slowly varying.

9. Heat Flow and Viscosity

Insertion of (8.22) into the first-order perturba-
tions (7.4) and (7.5) for the numerical flux and
energy tensor yields

y _ 4 v
M1 =c U 1aX (1)

+ (mc_z/k)(alo)AtK(Z)uy + Mhomy, (91)
o= U ek + (e /R (000 AN o)
- C_zﬁexul’(a)x“” + Thom . (92)
We have abbreviated, forz = 1, 2, 3,
Xy = me* f N, Ap do,
Ky = me’® f NoA p'p” dw,
9.3

Aoy”? = mc® f NoAip“pvpp dw,

V(i))‘wp = mc f NoAipxp“pvppdw,
and

My = me f Nofoowp” dw = ¢'C, T + CsM,’

= (uc 'Cu* + pCow’ + ¢ 'PAVC,,  (9.4a)

Tiow’ = me’ f Nofbompvpn dw = C_lCqu“vp + C,Ty*

= (k7 'Cu* + uCoun’
4+ 3t 'Cu*A™® + PCsA™, (9.4b)

by (7.25), (5.6), (5.7), (6.13), (6.14), and (6.20). The
integrals in (9.3) have the following general form:

X = X,

ki = kot + kA", 9.5)
Ao = Apuu'u’ + 3)\,-2u("A”),

vy = vauutuu’

A A
4+ 6v,, AN u” + %V.,‘;;A( EATP)

The coefficients x;, x:;, ete. are functions of g.
Since e\, A™ = e,u* = 0, (9.1) and (9.2) simplify

to

M = ¢ *u'u’|,

+ (mc™*/k) KzzAh(a)ﬂ) + Mo, (9.6)
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T = ¢ kW wus e + 20me /B Aou®AVN9,0)
— ¢ Brge” + ¢ KA U o F Do (9.7)

The conditions of fit, (7.7), fix two of the five
functions C;. We find

—u,M} = ¢ xu% s — UMpow =0,
u, T = ke + U Thom ~ = 0,
with the solution
0 = —c (ot — 1) ok — BXOU" 1,
Cs = ¢ (ot — 1) (urns — ExJU" e

The three spatial components A}C* remain arbitrary,
but have no effect on the expressions for viscosity
and heat flow [see (9.13) and (9.17) below].

Substituting (9.4) and (9.8) into (9.6) and (9.7),
we have finally

M = (me2/k) keeA™(826) + ¢"PAMC,
720 = 2(me2 [kt AN 00) — ¢ Brsae”

9.8)

9.9)

— kA"U% . 2" 1pPu AN, (9.10)
where
k= —¢ iy — ¢ ot — 47
X [(u — Pohxa — (pf — wP)rul
= —¢ ke — ¢ly = 1) — B
+ ¢y — Dryy, 9.11)

by use of (6.37).
The heat flux q", defined as the flow of energy
relative to the particle stream, is given by

—e(—M M TVM,
X (8 — (MMAT'MMY. (912

In a local Minkowskian frame with time axis parallel
to M*, this reduces to

¢ = [T, T, T%,0].
To the first order in £, (9.12) can be written
Q" = —nc’M,* — AT\ "u,
(m/B) (o2 — nk22) A" (,6).
From (9.5) and (9.3), we have

¢ =

9.13)

|

y 1 5 2
K = 3D,k = gme fN0A2P do,
—2 Auy
"%C uXA;wx(Z)

= imc’ f N0A2P2(1l+ Pz)* do.
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Hence,

(k/m))\ = Xgp — Nkoz

= me® [ NoA[0 + 9}~ 9ldo (9.19)

= tmé'n [ NQp A0+ 9P ~ 1alp, da

= Imc’n(Alp*A,, Ap,4,) > 0.

where we have used (8.24), (8.4), and (8.8).
Summarizing, we have obtained Fourier’s law of heat
conduction in the form

¢" = \A¥(8,9),

(9.15)

(9.16)

in which the thermal conductivity A is given by (9.14).
In accordance with the second law of thermo-
dynamics as expressed by (5.10) or (8.11), A is
positive-definite. It is noteworthy that the flow
of heat is determined by the gradient of thermal
potential [see (6.27)] rather than temperature.

We turn to the wviscous stress tensor r,,. To the
first order in f, this may be defined unambiguously by

Tuﬂ = AapAﬁle,P
-2
= —C ﬁﬂg;;éag — KAapu”“,.

Hence the viscous stresses are given in terms of the
spatial velocity gradient by

Tur = —vA‘;A”,(uW + Ugia — %Aaﬂu)\l)\)
- KAuvu)‘IM (9‘]-7)
where v, the first coefficient of viscosity, s
v = %0_261’33 = T%C_zﬁA)\uA,pV(:;)M”y
ie.,
KTy = Sm’e’ f Nodp'do.  (9.18)
Noting that

" Xp.p) = %',

and using (8.25), (8.4), and (8.8), we may throw
this expression into a form which brings out the
positive character of »:

My = i [ NoAn) el Axtpp))] do

= %m203(A3<P“pv>: A3<pup’» > 0-

The relativistic gas departs from its classical limit
in having @ nonvanishing volume viscosity. The second
coefficient of viscosity has the value [cf. (9.11)]

(9.19)



RELATIVISTIC KINETIC THEORY OF A SIMPLE GAS

m'¢ 'k = —é f NoAp® dw
— [y = ) = 8] [ Nody(1 + p) do

+ o =1 [ Nodid + 1) do,

or, by (8.21),

k = (me/B) f N,A B dw. (9.20)
By virtue of (8.23), this can also be written
k= G1/0) [ Nodi2ldi] de
= (kT/c)(4y, A1) > 0, (9.21)

in agreement with the second law of thermo-
dynamics.

PART II: RELATIVISTIC MAXWELLIAN PARTICLES

10. A Special Form of Cross Section

Our formal expressions for viscosity and thermal
conductivity can be explicitly evaluated only when
the collision mechanism, as specified by the scatter-
ing cross section o(g, ©), is known. In the remainder
of this paper we shall attempt to push through
the calculations for a case where o(g, ®) has a
special, mathematically tractable form. The results
may be useful as a qualitative guide to what can
be expected in the general case, and could also
serve as the ground approximation for wvarious
perturbational procedures.

In the classical theory, the linearized collision
operator is known'* to possess simple eigenfunctions
(the Laguerre polynomials) when o(g, ©) is a
separable function of the form ¢™'T'(®). This form
arises, for instance, in the case of Maxwellian
particles, repelling according to the inverse fifth
power of the distance.

By analogy, we shall refer to relativistic Max-
wellian particles when the scattering cross section
is given by

go(g,0) = (1 + 1g)7'1(@). (10.1)

The factor (1 4 1¢°)"* has been included for math-
ematical convenience.
Inserting (10.1) into the expression (8.2") for the

14 C, 8. Wang and G. E. Uhlenbeck: Engineering Research
Institute, University of Michigan, Project M199(1952). An
elegant exposition is given by L. Waldmann, Encyclopedia
of Physics, edited by S. Fliigge (Julius Springer-Verlag, Berlin,
1958), Vol. XII, p. 370.
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linearized collision operator, we obtain
L 2r
efi=af [ [ ew @m0
X (1 + 1g57T(O) sin 9* do* de* d'w. (10.2)

Our problem is to solve the integral equations
(8.23), (8.24), and (8.25) when the integral operator
has the special form (10.2). The thermal conductivity
and coefficients of viscosity then follow immediately
from (9.13), (9.18), and (9.20). Only the solution
of (8.23) and (8.24) will be considered in this paper.
The third equation can be handled by similar
techniques, but the computations are somewhat
lengthier.

11. The Centroidal Triad

The integral operator £ involves two integrations:
first, with respect to the unit vector g*/¢g giving
the direction of recoil in the center-of-mass frame,
and secondly, with respect to one of the initial
momenta ‘p,. The other, p,, is kept fixed through-
out. In the first integration, we fix ‘p, and hence
also 9. = (pa + 'P2)/|p. + 'p.)- Recalling that
g*p* = 0, we see that we are integrating over
the unit sphere in a fized 3-space, the centroidal
3-flat. We shall now prepare the way for this
integration by constructing, in the centroidal 3-flat,
a convenient orthonormal triad to which the angles
9%, ¢* can be referred.

Accordingly, let n, be an arbitrary fixed unit
timelike vector, which will later be chosen parallel
to the macroscopic 4-velocity u,. Introduce the
spacelike vectors

Xa = Ng — g_z(nug")ga + (nuﬁu)ﬁav
Y, = (_det gurﬁeaﬂvﬁn‘ggyﬁa

(11.1)

(€apys 18 the Levi—Civita permutation symbol), and
the corresponding unit vectors

I.=X.X, Jo=Y./Y, K.=g./9, (11.2)
where
X = (X X9, Y= (Y Y.
From (11.1) and (3.5),
Pad” = PuX® =P Y* = 0, (11.3)
guX® = g ¥* = X, Y =0,
n Y =0, (11.4)

so that 7,, J., K, form an orthonormal triad in
the 3-flat normal to 7.
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Fra. 1. The centroidal 3-flat, showing two vectors of the
centroidal triad. One space dimension (the direction of
vector J,,) has been suppressed.

The calculations are somewhat simplified in a
Minkowskian frame whose 4-axis is directed along
the fixed vector p, and such that n® lies in the
2-flat of the axes 3, 4. In this frame, we have

p* =1[0,0,0,1], (11.5)
and, using pseudopolar coordinates [ef (2.2)],
= [esinhx, coshx], e= (0,0,1), (11.6)
‘p* = [e’sinh x’, cosh x'],
= (gin 6’ cos ¢/, sin ¢’ sin ¢/, cos 6']. (11.7)
From (11.5), (11.7),
9° ="p" —
=2 smh 1y’[e’ cosh ix’, sinh ix'], (11.8)
g = 2sinh 3x’, (1 + 30 =sech &/, (11.9)
p" = [e’sinh 3x’, cosh 3x']. (11.10)

Equations (11.1) yield, after some routine work,
X® = sinh x[e — e’ cos ¢, 0],
Y*® = 2ginh x sinh ix'[e x¢’, 0],

whenece it follows that

I

= [e cosec 6/ — e’ cot ¢’, 0],
Jo =
K* =

[e x e’ cosec ¢, 0],
7x’, sinh §x'].
We refer the unit vector g%/¢g to our orthonormal
triad by setting
9%¥/g = 1,sin @ cos ®
+ J,sin@sin & + K, cos 0.

(11.11)

[e’ cos

(11.12)
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This definition of ® accords with our previous one,
(4.9). In the integration over g*/g in (10.2) we
can now replace 9% ¢* by ©, ®. The situation is
shown schematically in Fig. 1, with the angle &
suppressed.

Let r, be an arbitrary fixed unit vector in the
3-flat of the axes 1, 3, 4:

r* = [err, rul, = (sin 4, 0, cos 6), (11.13)
where

r; = sivh x,, r;; = cosh x, if rg® = —1,

r; = cosh x,, 7 = sinh x, if r»* = 1.
We then have

r"Pa = —1u, (11.14a)

""pa = —r cosh x' + r;sinh x/

X (cos # cos 8’ + sin 6sin 6 cos ¢'). (11.14b)

Noting from (3.1) and (3.2) that

Dpt = Lp. + 'p)(+)igk,

and computing 7°g* from (11.9), (11.11), and (11.12),
we obtain

rp¥ = —ry(1 4 2sinh® ix’sin® 10)
+ r;sinh x’ sin® 1©(cos 6 cos 8’ + sin 6 sin ¢’

X cos ¢’) — r;sinh 1x’ sin @(cos #sin ' cos &

— sin 4 cos 8’ cos ¢’ cos $ — sin 6 sin ¢’ sin P).
(11.14¢)

The corresponding expression for r*'p* is just
(11.14¢) with ©, & replaced by = — ©, » + &
respectively.

12, Scalar Eigenfunctions

As a possible generating function for the scalar
eigenfunctions of the collision operator £, let us
consider exp (oc”'u,p"), where ¢ is a free parameter.

In the formulas of Sec. 11, we choose the arbitrary
vectors n,, r, parallel to the macroscopic 4-velocity
Uq, SO that

Ta =1MNg = C Ua, 6=0, x =x. (12.1)
From (10.2), we then have
glewp onap =a [ U+
0
— I* — 'I*)T'(©) sin O dO, (12.2)
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where

2
I =¢ e f fo exp (Bn.'p")

X sech iy’ d'w d®, (12.3)
1= [[7 ew (6 + omp

X sech 3x’ &0 d®,  (12.4)
Op* = j:[:r exp [Bn,'p" + on*"p%]

X sech 3’ d'w d®.  (12.5)

We receall that

) L4 2r
[aom [[ [ s
0 0 0

X sin & dx’ d§’ do’

[ef (2.3)], and that n,’p", n*”p} are given by (11.14b)
and (11.14¢).

To evaluate (12.3), introduce the new variables
of integration

z = sinh 3x’ sin 8’ cos @,
y = sinh 3x’ sin ¢ sin &,
2 = sinh 3x’ cos ¢, (12.6)
so that
dx dy dz = sinh® 1x’sin ¢’ d(sinh 1y’) d¢’ d®,
dr dy dz d¢’ = § sech ix’ d'w d®.

The integration over ¢ is trivial, and we find
I =¢e°" 16n fff exp [—8 cosh x(1 + 22°

+ 2y* 4+ 22°) + 28sinh x(1 + 2°

+ o + D% dz dy d.
Replacing z by a new variable ¢ according to
z=(1+ 2" 4+ y")*sinh §, (12.7)

reduces this to

I =¢e "8y f'ffexp [—8 cosh x(z* + ¥?)

— B(1 4+ 2° + ¥ cosh (t — x)]
X (1 + 2 + y»? cosh 1¢ dt dz dy.
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Now,
f e " 7% cosh 3t dt
= 2 cosh %xf e ™! cosh it dt
0
= 2 cosh Ix-(2a/7) te". (12.8) -
Hence we have finally
I = e "% 16r cosh ix-(28/n) Y *
X ffe—ﬁ(l+cosh x)(z?+#3) d.’l: dy
= ¢ X 16 sech Iy (28/n) 16" (12.9)

‘I is just the integral of (12.3) with 8 replaced by
B+ 0):
'] = 16msech ix-[2(8 + o)/x]) te @+, (12.10)

The evaluation of “’I* is slightly more elaborate.
In accordance with (11.14) and (12.1), the integrand
involves

Bn,'p" + on*Vpk
= —(8 + o) cosh x — 2’8* sinh® ix’
+ V8*sinh x sinh x’ cos #/(+)
(4+) o sinh x sin @ sinh 4x’sin 6’ cos @,

with

*=B+gsin’ 30, 'B*=g8+ ¢cos’10. (12.11)
The substitutions (12.6) and (12.7) convert this into
Bntp" + on* Vp¥ = — Pg* cosh x
— 8% cosh x- (2" + o) — VB*1 + 2* + o)

X cosh (¢ — x)(+)o sinh x sin @z, (12.12)
where
o* = g cos® 10, ’¢* = gsin® 10, (12.13)
and also
sech 3x’ d'w d® = 8(1 + «* + 3}
X cosh 1t dx dy dt do’. (12.19)

Using (12.8), we obtain without difficulty -

Ok = e—(’)a* cosh X168 cosh %X' [2(»6*/‘”]_}6_(')5.
X ff exp [—”8*(1 + cosh x)

X @ + y*)(+)o sinh x sin ©-z] dz dy
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= 16 sech ix-[2"8* /x] % #*7
X exp [—(2o*B/ " 8*) sinh® $x]. (12.15)
This completes the evaluation of the integrals
involved in (12.2).

It is convenient to define the parameters s, “’s* by

g = Bs/(1 — 9),

s* = s cos’ 10,

(12.16)
's* = ssin” 10,
so that
() — _ _
() */(,)B* — */(1 (;) ),
and to define
V(7,8 = (1 — ) V™90 (12.18)

Multiplying both sides of (12.2) by (I — s)7%,
we obtain

L[Wy(r, 9] = (20)**8™*"ae " sech 3x

X f [y, 8) + 1 — ¥y(r, s*)

— ¥y(r, 's*)]T(O) sin © dO, (12.19)
where we have defined
= =Bl + np*) = Bl + p)* — 1]
= 28sinh® 3x,  (12.20)

recalling (8.18).

If (12.19) is differentiated n times with respect
to the parameter s, and if we note the definition
of the Laguerre polynomials

n! Li(7) = [(8/98)"V, (7, 8)]s-0, (12.21)
it follows that
LlLi(n] = B (1 + 37/8) A7), (12.22)

As in the classical theory, the Laguerre polynomials
are scalar eigenfunctions of the linearized collision
operator for Mazwellian pariicles. The eigenvalues
E, are given by

B, = @n)"%8 e f (1 — cos™ 10 — sin® 10)
0
X T@)sn®d® (=12 ).
13. Vector Eigenfunctions

The correspondence between the eclassical and
relativistic eigenfunctions, very simple for scalars,
is unfortunately much less simple for tensorial

(12.23)
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eigenfunctions of higher order. In this section we
shall attempt to obtain a set of vector eigenfunctions.

We begin by considering £[r.p* exp (on.p%)],
where the vectors m., r, are chosen respectively
parallel and perpendicular to the macroscopic
4-velocity u,. Thus,

Ne = ¢ Uy, Ton* =0, (13.1)
implying, by virtue of (11.6) and (11.13),
sinh x cosh x, cos 8 = cosh x sinh x,. (13.2)
From (10.2),
" exp nap)] = o [ (7417
— J* — 'J*)T(0O) sin © dO, (13.3)
where
J = [rp* exp (onqp”)]
x [ " exp (Bn./p) sech 3’ d'w d®,  (13.4)
o= ff r./p* exp [(8 + o)n.'p%]
X sech 3x’ d'w d®, (13.5)
O = ff rpk exp [Bna'p® + on®p¥]
X sech 3x/ d'w d®. (13.6)

The various scalar products involved in these
integrals are given by the general formulas (11.14).

The integral in (13.4) has already been evaluated
[ef (12.3)]:

J = ¢ *r,p*16mw sech %

For 'J, we have

x(28/m) %" (13.7)

27
' = ff [cosh x, sinh x’(cos 8 cos 8 + sin 8
0

X sin 8" cos ¢’) — sinh x, cosh x']
X exp [—(8 + o¢)(cosh x cosh x’
— sinh x sinh x” cos #’)] sech 3x/-d'w d®.

The term involving cos ¢’ has a vanishing integral
with respect to ¢’. Making the substitutions (12.6),
(12.7), and using (13.2), we eventually find

'J = 8rsinh yx,

X f“ff[smlsln(élx x) A+24+9) - @+ yz)]
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X exp {=(8 + o)[cosh x- (=" + ¥°)

+ (1 + 2" + ¢ cosh (¢ — 1}

X (1 + 2* + y»? cosh 3t dt dx dy.
Integration with respect to ¢ is simple if we use
(12.8) and the formula
[ e wasinh (¢ — x) cosh 3t dt

= sinh ix-(2e/m) %%,  (13.8)

which follows from (12.8) by differentiation with
respect to x. We find

*J = 8rsinh x,[2(8 + o)/x] te#*?
X [ B+ )" sech b — 2 cosh Ix-@* + )]
X exp [— (8 + o)1 + cosh x)(@® + 3*)] dz dy.
Noting (13.11) and (13.12) below, with b = 0,
we finally arrive at
"] = Sargt 28 + o)/a]
X sech® Ix(B + o) e 7. (13.9)

Turning to (13.6), we find, after making the
substitutions (12.6) and (12.7), that the various
factors in the integrand are given by (12.12), (12.14),
and [ef (11.14¢)]

r*p% = —sinh x,[cos2 10 +sin® 10-(@® + P

+ coth x-sin ®-z — sin® 10

ginh (¢ —

X) 2 3
X e A+ +y):l+-~, (13.10)

where we have made use of (13.2). The dots in
(13.10) indicate terms whose integrals with respect
to ¢’ vanish. The corresponding expression for
r*p* is obtainable from (13.10) by the replacements

-7 —0,

Integration with respeect to ¢ proceeds uneventfully
with the aid of (12.8) and (13.8):

J* = —8ge~ Bt coh 0954y ~dginh 5

T — —, Yy -y

X f f_ 2 cosh ix[cos® 10 + sin® 10-(z* + )
+ coth x-sin ®-z — 18*"" sech’® 1x-sin’* 10]

X exp [—B*(1 + cosh Y + o)
— ¢ sinh x-sin ©-2] dz dy.
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Now make use of the formulas
I{a, b) = ff_: eI dr dy
=xa ¢’*,  (13.11)
fj’w b L) o dy

ff e eIy dy dy

= —9l/9b = —(3xb/a’)e""’*.

After some tedious but routine simplification,
one gets

J* = —8sinh x, sech® 3x(28*/m) "% "

X [48 cos® 10 cosh® 3x + sin® 0

— (Bo sin® ©/8%) sinh’® 3x]

X exp [—2(c*B/8¥) sinh® 3x]. (13.13)
Making the substitutions (12.16), we have finally
J* = 167r,p"(28/7) ¥ sech® 3x

X exp {—(8 + o) — 28[s*/(1 — s*)]sinh” 3x}

o \52 _
() o+ )

S

+ 187 sin’ %@]‘ (13.14)

The expression for 'J* follows from this by replacing
s*by ‘s*, and ® by = — 6.

This completes the evaluation of the integrals
involved in (13.3). Multiplying this equation through
by (1 — s)™%%¢°, we find, with the definitions (12.18)
and (12.20),

LWy(r, Hrp’'] = 16x(28/x) ¥ae™? sech® x-r,p*
X f [ IT©)sin®dO,  (13.15)
0

where

[« -] = Wy(r, 8) — ¥y(r, s*) cos’ 30
— ¥y(r, 's*) sin” 30 + 3(r/B)[¥y(7, 8) — Vy(r, s%)
— Wy(7, 's*) + ¥y.0(7, 8%) sin® 10 + ¥y0(7, 's*)
X cos® 10] + 1871 — Wy(r, 5*) sin® 30
— ¥y(r, 's*) cos’ 30]. (13.16)

If we differentiate n times with respect to s, and
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note (12.21), this becomes

£[L§('r)r“p"] = (27")5/26_3/2a6_ﬂ(l + 1r /B)—3/27’pp“

X for Q.(r, ®T(®) sin O dO, (13.17)
with
Qo(7, ©) = 0,
Qu(r, @) = [ — ™ — g
+ (/8@ — ¢ = 8™)
— 3878 C™ + C°S™LI(7)
+ 3(r/B)(S7C™ + C*8™)Ly*(n)
n=1,2,-). (13.18)
We have abbreviated
= cos 30, S = sin 10.

From the recursion formulas for the Laguerre
polynomials, we have

tL¥%(7) = (1 — N + $LA ) — o + 1)LYA)]
+ Alln + DL (0) — (0 — DLAD)]
(n = 1!27 '.')J

for arbitrary A. Substitute this in (13.18), choosing
A 50 as to remove the terms involving 7 as a factor:

A= —1—C"— 8§/(SC™ + C*8™).
We thus reach the “pseudoeigenvalue equation”
LILXDrp'] = (L + 37/8) rp*{En Li(7)
+ 87! (32 + DEwi + 120 + DEILY(7)
= 8740+ DE,aLin(r) — 730 + PELLL(D)
n=12--), (13.19)

where E, is defined by (12.23). In the classical
limit, this reduces to the orthodox eigenvalue
equation

LILADrp") = BooLiDrp* B =

in agreement with known results.'*
For general 8, (13.19) may be used to solve the
integral equation

Be[G(T)Tupu] = F(T)rnp“:

),

(13.20)

by a method to be explained presently.
Observe first that the five equations (cf. Sec. 8)

fNUF(r)rpp“ dw = 0, fNOF(‘r)r,‘p“p" do =0
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express the necessary and sufficient conditions for
the existence of a solution to (13.20); they are
equivalent to

(1» G(T)T,,p“) =0, (P,, G(T)rup“) = 0.

Only one of them is nontrivial:

f NF(0)p") do = 0. (13.21)
Choose the third and fourth axes of a Minkowskian
frame parallel to r* and u*, respectively, and set
p* = [sinh x sin 8 cos ¢, sinh x sin #sin ¢,

sinh x cos 6, cosh x].

Then, by virtue of (2.3) and (12.20),

Bdw = @1/} + ir/8) drsin §dodp, (13.22)
")’ = @r/8)A + i7/B) cos® 6.

Note also

ae—(ﬂ+?).

N 0 =
The solubility condition (13.21) can therefore be
written

f T+ 3/ (e dr = 0. (13.21%)

It will be assumed that the given function F(7)
satisfies this condition.
Expand F(r) according to
1+ 37/8)'F(r) = 2 FLY(7),  (13.23)
n=0
so that

D+ P, = ! [0+ 4o/

X F(r)Li(n)e " dr.  (13.24)
From (13.217), it follows that
F, = 0. (13.25)

We try the following expansion for the unknown
function G(7):

G(r) = }j G.IX7) + (arb const).  (13.26)

Substituting (13.26) into (13.20), applying (13.19),
and equating coefficients of Li(r), yields the following
three-term recursion formula for the coefficients G,:

B(Fn - En+lGn) = [(%n + l)En+1
+ i@2n + 1)K, )G, — InE.G.-,

— 3n + %)En+lGn+l n=12,...). (13.27)
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The first of these relations (note £, = 0),
B(Fl - EZGI) = Ez(%G1 - 'Z'Gz),

involves {wo unknown coefficients, so it is not clear
how to proceed in general. However, if 8 is mode-
rately large, we can take the classical solution

Gn = Fn/En+1 (B = oo)

as a first approximation. Substituting this into the
right-hand side of (13.2), we obtain the next
approximation

F, 1 E, F,
Z.. T8 {[< tH 4+ D) E] Eor

GN
n ™~

- %n%i — $n + %) %ﬁ} (13.28)
This iterative procedure can obviously be continued,
and leads to an asymptotic expansion for @, in
inverse powers of 8. We can expect this asymptotic
approximation to be satisfactory if (i) to a given
order of approximation, O(8™"), the series (13.23)
is truncated, and (ii) N/B < 1. The second condition
would require an upper bound of about 10'°° for
the temperature of an electron gas.

14. Bulk Viscosity

The scalar eigenfunctions obtained in Sec. 12
will now be employed to solve the integral equation
(8.23) for Maxwellian particles, and thus derive
an explicit expression for the bulk viscosity.

We have to solve

£[Ay(r, )] = B(r, B), (14.1)

where, because of (8.21) and (12.20), the function
B can be expressed as

B(r,B8) = 7y — 87" + [2(v — %)
—aly = 1) + 877

by — B — Dy — 1. (142)
Let us expand
(1 + 3/8)B(r, B) = ianLz(T), (14.3)

so that
o+ 9B, = nl [ (1 + /8t
0

X B(r)Li(n)e™" dr.
The solubility conditions of (14.1),

(14.4)

[ VB do =0, f NoBug' do = 0
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[ef (8.9) and (8.9")], yield
Bo = 0, Bl = O, (14:.5)

as can also be verified directly from (14.4) and (14.2).
Our eigenvalue equation (12.22) now shows that
the solution of (14.1) is

Ay(r,B) = X E7’B,LXr) + (arb const).  (14.6)
n=2
We substitute the two series (14.3), (14.6) into

the expression (9.20) for the bulk viscosity «, and
make use of (13.22) and the orthogonality relations

nl [ La@LSe)re dr
0

=T +a+tD) o (147
The result is
_ me ~~35---(2n+ 1) B;
7 o8 Z; 24 -.-2n e’ (14.8)
where [cf. (12.23)]
e, = f (1 — cos®™ 30 — sin® 10)
Q
X T(0) sin © dO. (14.9)

Equation (14.8) reduces to a particularly simple
form under ‘“‘moderate” relativistic conditions
(large B). From (6.36) and (6.35) we easily obtain
the expansions

14 5/28 + 15/83° — 15/88" + -+,

n

(14.10)
y=31—-p"4+48"+ ).
Hence (14.2) yields
B(T) = B_l %—7'2 - %T + %) + 0(6—2) (1411)

I

287'Li(r) + 0(87%).

Correct to the lowest nonvanishing order, we
therefore have

B,=38", B.=0 (n2),

and our expression for the bulk viscosity reduces to
k = 5mc/12x8%, (14.12)

This is of the order of (1/8%) times the first
coefficient of viscosity ». Under moderate relativistic
conditions—in the case of an electron gas, up to
temperatures of about 10°°—the bulk viscosity can
be neglected entirely.

15. Thermal Conductivity

We proceed to the solution of the integral equation
(8.24), using the method outlined in See. 13.
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Our integral equation may be written

£[A4x(7, Brp"] = F(r, B)rp”, (15.1)

where r, is a fixed vector normal to the 4-velocity
u,, and

F(r,8) = n'(1 4+ 7/8) — 1. (15.2)

One easily verifies, either from (8.9') or by direct

substitution, that F(r) satisfies the solubility condi-

tion (13.21’). This implies the feasability of the
expansion (13.23) with F, = 0.

In what follows, we retain only the first-order

relativistic correction, O(87"). (Higher-order terms

may be generated with no difficulty). Using (14.10),
we find

(1 + 3/8)F(7)
=BG -0+ B7G" - Br+ ) +067
= —B7'Li(r) + 7L — LLI(D] + 087%).
(15.3)

Then (13.28) yields, for the coefficients @, in the
Laguerre expansion of G(r) = A,(r),

EzGl = _/3_1 - %_96_2 + 0(6_3):
EG, = 387+ 0B7°), E.,.G, =0
n=238,4,--).

Substituting into (9.14), and using (13.22) and
(14.7), we finally obtain for the thermal conductivity,

I\ = drm8 ae "y f 1 + 3r/8)}

X (27/B)F(1)Q(n)e" dr,

ie.,

8'\/5 2.5 _ o F 5
3 T mkc 7’6 5/2 Z (nn—l!_ ?) F,,G,,

5K a1 13 <1)]
4wmc”Tezli1+1;—8+0[_35 '

In Jowest approximation, this agrees with the
classical result.'® It should perhaps be noted that
our definition of thermal conductivity [see (9.16)]
differs from the conventional definition by what
reduces to a factor of 77 in the classieal limit.

A:

(15.4)

APPENDIX: PROOF OF (3.6)

Since a direct calculation of the Jacobian is very
laborious, we proceed geometrically as follows.
On the unit pseudosphere in 4-momentum space,

15 Reference 14, p. 383.
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consider two points with Minkowskian coordinates
p*, 'p*, and pseudopolar coordinates [see (2.2)]
(x, 6, 0), (X', ¢, ¢). The radius midway between
them is p*, and the vector ¢* = 'p* — p*, orthogonal
to p*, represents the joining chord. Let &, ¢ be
polar angles giving the direction of ¢* in the spacelike
3-flat orthogonal to 7"

We permit p*, 'p* to vary independently, tracing
out 3-areas dw, d'w [see (2.3)] on the unit pseudo-
sphere. It is geometrically evident that these
variations are related to the corresponding variations
in p%, ¢* by

dwd'v = A dag® dgsin & do de, (A1)

in which the undetermined factor A can depend
ongonly; A = A(g).

Let x, x’ assume pure imaginary values, setting
X = ix1, X' = 1x{. Then
gd=1ig, g¢'=g,

where
pi = (8in x4 sin 6 cos ¢, sin x, sin 6sin ¢,

sin x; cos 6, cos x1),
and all quantities with suffix 1 are real. The pseudo-

sphere

3
—1=9p"p. = —kZ; @) — @)’

can now be regarded as a closed unit sphere S:
05x;Lm0L6<L 70 < ¢ <2rm inthe Euclidean
4-space of the cartesian vectors p%. We have
3
fi= 2@+ 6 = —o= -7

and

i dw = sin® x, sin 6 dx, d8 dp
(A1) becomes

dey .
d&)] d’w, = A(i 91) d(;Jlgf dgl Sin 0 d’ﬂ dG. (A2)

To find A, we evaluate (in two different ways)
the integral

1= [[ G*F (o) des dle,

where F(g) is an arbitrary function, and both
integrations are performed over the unit sphere S.
In the integration over ’pf, choose coordinates in
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which x; = 0,80 that p® = (0,0,0, 1), g, = 2sin x].

We find

x 27
7= f f f dw, sin 0 40’ dy’
8 o 1}

L —
X f 1 cosec’} x!F(g,) sin® x! dx{
o

- 8° f Flg)(L ~ gD} dg,. | (A3)

On the other hand, by virtue of (A2),

* 2x
xsz f dG, sin & d9 de
S 0 0

X f Fg)AG g) dg,

= &' fo F(g)AG g) dg..
Comparing (A3) and (A4), we see that
Alg) = (1L + 3N

Inserting this into (A1), we arrive at (3.6).
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A method is presented for deriving a set of kinetic equations for a system of electrons and phonons
in a simplified model of a metal. By employing the second quantization representation for the creation
and annihilation operators of the electrons and the phonons, an hierarchy of equations for the dis-
tribution functions and correlation functions is introduced. This hierarchy is studied, using an
approach originally developed by Bogoliubov, where both truncation of the hierarchy and irre-
versibility are achieved under general assumptions. A set of kinetic equations is obtained for an
homogeneous system, where the electrons dynamically shield both each other and the phonons.

I. INTRODUCTION

TTEMPTS have been made in recent years to
study the approach to equilibrium and trans-
port properties of electron-phonon system by means
of kinetic equations for both the electrons and the
phonons. Klimontrovich and Ternko' derived
classical and semiclassical kinetic equations starting
from the Frohlich Hamiltonian.” They have written
the Liouville equation for the system and have
derived from it an hierarchy of equations for the
distribution functions. By employing Bogoliubov’s®
method for the truncation of the hierarchy and for
the introduction of irreversibility they have obtained
Folker-Planck-type kinetic equations. An approach
very close to reference 1, but purely quantum
mechanical, was reported by Gurzhi.* Both references
1 and 4 have excluded electron—electron interactions.
Another treatment of the electron—phonon kinetic
equations was given by Pines and Schrieffer.® They
have started from the Bohm~Pines® Hamiltonian and
have treated the system under consideration as
composed of electrons, phonons and plasmons. They
have postulated kinetic equations by adopting the
method of transition probabilities.”"® An interesting
* This work was performed under the auspices of the United
States Atomic Energy Commission, Contract AT(30-1)-1238.
1 On leave of absence from Technion-Israel Institute of
Technology, Haifa, Israel. Present address: Department of
Physies, University of California, San Diego, La Jolla,
California.
1Y, Klimontovich and 8. V. Temko, Zh. Eksperim. i
Teor. Fiz. 35, 1141 (1958) [English transl.; Soviet Phys.—
JETP 8, 799 (1959)].
2 H. Frohlich, Proc. Roy. Soc. (London) A215, 291 (1952).
8 N. N. Bogoliubov, Studies of Statistical Mechanics, edited
by J. deBoer and G. E. Ublenbeck (North-Holland Pub-
lishing Company, Amsterdam, 1962).
*R. N. Gurzhi, Zh. Eksperim. i Teor. Fiz, 33, 451 (1957)
[English transl.: Soviet Phys.—JETP 6, 352 (1958)].
¢ D. Pines and J. R. Schriffer, Phys. Rev. 125, 804 (1962).
¢ D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953).
"R. E. Peierls, Quantum Theory of Solids (Oxford Uni-
versity Press, New York, 1955).

® J. M. Ziman, Electrons and Phonons, (Oxford University
Press, New York, 1960).

paper devoted to the derivation of kinetic equation
for the electrons only in an electron—phonon system
was reported by Mori.® Here the irreversibility
and the truncation have been introduced by Kirk-
wood’s method."

The purpose of the present paper is to derive
a set of kinetic equations for both the electrons and
the phonons in a simplified model of a metal,
described by the Hamiltonian of Bardeen and
Pines."" We attempt to construct a quantum
mechanical kinetic theory on the basis of assump-
tions more general than those employed in previous
works.

We start with the Bardeen—Pines'' Hamiltonian
written in the second quantization representation
of both the electrons and the phonons. From here
we derive an hirerarchy of equations for the quantized
density operators and correlation operators without
resorting to the Liouville equation, but instead
employ the Heisenberg equations of motion for the
operators. Distribution functions are introduced
taking into account the statistics of the particles.
This procedure departs from the derivation of the
hierarchy as was given by references 1 and 4;
rather, it follows the spirit of Mori’s paper,’ but
generalizes it to obtain an hierarchy of equations.

The hierarchy is truncated in a systematic manner
by employing Bogoliubov method to obtain a closed
set of equations for the distribution functions and
the correlation functions. The truncation scheme
rests on the assumption that the more particles
involved in the correlation, the weaker the correla-
tion function. In this formulation one does not
have to introduce a separate description for the

® H. Mori, Progr. Theoret. Phys. (Kyoto) 9, 473 (1953).

10 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946); 15, 72
(19;1;7}: Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955);

J. Bardeen, in Encyclopedia of Physics, edited by S. Fliigge
(Julius Springer-Verlag, Berlin, 1956), Vol. XV, p. 274.
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plasmons,® as the collective features of the system
are embedded in the theory.

The irreversibility is introduced in the spirit of
Bogoliubov®; that is, we assume that correlation
functions relax to their asymptotic long-time value
in a time short compared to the time scale of the
distribution functions.”” This assumption is shared
with all other theories of electron—phonon inter-
action, e.g., the transition probability approach,
Kirkwood"® time average, Van Hove'® transition
singularities, etc. One of the advantages of the
present scheme is that this multiple time-scale
assumption can be abandoned.™

The kinetic equations derived from the hierarchy
in this paper differ from those obtained by other
authors in that they contain dynamic shielding of
the interactions.

II. FORMULATION OF THE PROBLEM

In this section we first review briefly the Bardeen~—
Pines Hamiltonian'' to make clear what assumptions
are involved and then introduce the hierarchy and
show how the truncation of it comes about.

A, Electron-Phonon Hamiltonian

Following Bardeen and Pines,"’ we confine our-
selves to a simplified model of a metal. We assume a
monoatomic crystal of N ions of valence Z and
mass M, and ZN valence electrons with mass m
and charge —e. We now introduce phonon coor-
dinates to represent ion motion, assuming that
the lattice waves are either longitudinal or trans-
verse, and that the electrons interact only with the
longitudinal phonons. This approximation is valid
only for long wavelength, but is incorrect for short
wavelength. Furthermore, we make another assump-
tion which is a result of the Bardeen—Pines treat-
ment, namely, that the phonon frequencies are
renormalized. This amounts to the assumption that
the renormalization processes are completed before
any other processes are considered, and it is con-
sistent with our treatment of the system to be
homogenous in space. The Hamiltonian

H=H +H,+H, 1

is composed of three parts, the electron H,, the
phonon H, and the electron—~phonon interaction
H.,. In the second quantization representation we
have for the eleetrons

12 R, L. Guernsey, Phys. Rev. 127, 1446 (1962). E. A.
Frieman, J. Math. Phys. 4, 410 (1963).

13 1., Van Hove, Physica 21, 517 (1955); 23, 441 (1957);

25, 268 (1959).
14 R. L. Guernsey, Phys. Fluids 5, 322 (1962).

1183

H, = Z f dr\&ﬁ(r)[—-z%l g; + V(r):]ll'a(f)

+3 3 [ararviove)
X 8 = ¥)@)V.0). @

¢ (r) and ¢.(r) are, respectively, the creation and
annihilation operators of the electrons with spin s
and position r, satisfying the anticommutation
relations

[#’a(r), ‘b:(r,)]-{- = ‘;"s(r)&:‘(rl)
+ ¢:’(r,)¢s(r> = 588'6(1' - 1”) (3)
[v.@), . = Y0, v.@)] = 0,

with the usual notations for & Kronecker and 3
Dirac. V(r) stands for the effective potential in
which the electrons move, taking into account the
equilibrium positions of the ions compensated by a
uniform negative charge. The Coulomb potential
between the electrons is denoted by

#(r) = €'/r. 4

We also choose A = 1.
The phonons Hamiltonian is

H, = 2 wbib + 3, (5)

where w, is the renormalized frequeney of the
longitudinal phonon with wave vector g, and it
depends only on the absolute value of ¢. b and
b, are respectively the creation and annihilation
operators of a q phonon, and they satisfy the
commutation relations

[ba, b:/] = bqb;’ - b;‘bq = 8qq,
[bq, ba'] = [bg:b5] = 0.

The q summation in Eq. (5) is carried out only
over the first Brillouin zone and the transverse
phonons are not considered here.

The interaction Hamiltonian is given by

(6)

Ho= T b T [ drv0E0w0
+ St T [ @ 0B Oe, O

where

@ = aq = —(2MNo,) ¥ ®

stands for the polarization, ¢ is a unit vector in
the direction of the wave, and

E) = 5 o — R ©)

H
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v(r — R;) being the effective interaction between
an electron in r and an ion in equilibrium position
R;. In Eq. (7) the q summation is over all q’s,
but with the usual interpretation for b, and b% to
stay in the first Brillouin zone.

We shall later use a ‘“momentum”-type rep-
resentation for the electrons, and it is eonvenient
to introduce it here. The Bloch equation for the
one-electron functions is

[—(1/2m)(8°/6r") + VD)lpe®) = E®¢e(®),  (10)
where ¢, (r) enjoy the following properties:
_/‘dr¢‘ﬁ'(r)¢k(r) = Oxx’, 1)
2 9t)en) = o — 1),
and
1) = ¢_«(0). (12)

We describe the electrons in the extended zone
scheme with k running also out of the first Brillouin
zone. The creation and annihilation operators for
an electron in the state k, ay,, and a,,, are defined
by

¢s(r) = ; ¢k(r)aksy (13)
and
Vi = 2 ¢iai,, (14)
and thus satisfy
[aku a;’s’]+ = 5”'5kk’v (15)

[aksy ak’a’]+ = [a;sl ak’s’]+ = 0-

the electrons
be expressed

The Coulomb interaction between
{the second term in Eq. (2)] may
in the form

Ho =1 2" ¢(h) 2 amye.s
k D,p;

X a;’*%k,s’ap'**%k‘s'ap’"%k,sy (16)
where
o) = [ drde'op e )
X ¢ — 1)y sy (1), 17)

and we have assumed that the matrix elements
depend only on the wave-vector difference between
initial and final states, and similar to the free-
electron case (p(k) = 4we’/k®), ¢(k) depends only
on the absolute value of k. These assumptions
are in the spirit of the Bloch theory and amount
essentially to neglect of small inhomogeneities.
This implies that an electron in the k state is
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treated much like a free electron with the same
wave vector. We apply the same arguments to
obtain

H,= ; valby + bL,] GZ;. Onsia.sOp-4a. s (18)
where
v= [ dpOe B @b 19)
depends only on q, and
v, = v, (20)

In Eq. (18) q runs over all values and is not re-
stricted to the first Brillouin zone, while b, and b}
are restricted to the reduced q vectors in the first
zone. By this scheme we guarantee the inclusion
of Peierls—Umklapp processes.

B. Electron-Phonon Hierarchy

For shorthand notation we introduce
uq(r) = “q'Eq(r)-

The equations of motion for the creation and
annihilation operators in the Heisenberg representa-
tion read

ov® _ 1[ 18
a il:Qm ar V‘r)]‘“@)

21

+ 5 3 [ aree - 9. w0

+5 T ba®b, + wi0b3I.0), (220)
v _1[ 18 _

a1 |:2m ar V(r)]gb,,(r)

1 + ’ AW AoV ’

— ;¥ Z f dr'g(r — 1)y (@), (')

— i T @b + @by, (22b)
nm —iad+ 1 T [ araovione, @20
and

a;); = by — % 2 f dr u OV, Ov.0).  (22d)

In Egs. (22), the time ¢ is suppressed for simplicity,
as we deal with all the operators at the same time.
The one-electron density matrix is defined by

F(1,1) = F(,1;1)

= tr (Y10, D.(r, OD} = WL, DY, 1), (23)
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where D is the density matrix of the whole system.
In the Heisenberg representation, D is independent
of time, and the time dependence of y¥’(r) and
¥,(t) is determined by Eqs. (22a) and (22b). In the
same way, one defines the two-electron density
matrix by

F,.(1,2;1,29
= <¢t<r1,, t)¢:’(r£’ t)\&x'(rh t)ll/,(rh t))y (24)

and so forth, and thus constructs an hierarchy
of density matrices for the electrons. The same
procedure is applied to the phonons. But as we
are interested here only in homogeneous (but not
necessarily isotropic) systems, we define the phonon
distribution function, i.e., the number of phonons
of wave vector q, rather than the density matrix:

n(@, ) = (bu()by(®)). (25)

One can proceed to define higher-order phonon
distribution functions in the same manner, but
our theory is not concerned with these functions.
We now define mixed density matrices for both
electrons and phonons. The most important ones
are given by

GV, V5 q) = by, D¢, ),  (26a)

and

GO, 159 = Uy, Hvum, 9).  (26b)

These functions represent correlations between
electrons and phonons and play an important role
in the following.

The equations of motion for the functions defined
above by Egs. (23)—(26), are now obtained by
employing Eqs. (22). We first introduce the short-
hand formulas

1= ML (Z - 2 - e - ven, @

7 \2m ol ol
wiy = 3 bl — 1) — ¢l = 5],
28)
B = 7 b~ £) — ¢l — 1),
and
U@ = 7 lule) — wle)]. (29)

We obtain the following equations:

(1) For the one-electron density matrix:

(%t + T1>Ins(1y 1’) = Z f dr2u-)12Fu’(1! 2; 1” 2)
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+ 2 (UG (1, ;9 — U%@G2(, 1; 9)}.

(30)
(2) For the phonon distribution function:
d 1
29 _ 1% [anbimea, ;0
- uﬁ(ﬁ)G;w(lr 1’; Q)], (31)

(3) For the two-electron density matrix:

(g—t +7,+T, — w12>Fus'(17 2; 17, 2’)

= Z f drs(Wys + Wys)F 0,01, 2,38; 17,2, 3)
+ 21U + V@b i@ g, @)
- 2 U@ + U@

X (bl @)Y @) ¥ ()¢, T), (32)

(4) For the mixed electron—-phonon density matrix:
(% + tw, + T1>G5”(1, ;9
- f deat(e)F...(1, 2: 17, 2)

+ %u’!;(rl)F,(l, 1)+ 3 f dt s,

X (bW s (@D (D) Y. (1) ¥ (1))
+ Z U(@){byby- () ¥ (r))

- qZ U%(@)(beba 5 ()¢, (r0)), (332)
and
3 . (2)
(a_t — 1w, -+ T1>G, 1,1’; 9
= -2 f drau(r)F,, (1, 2; 17, 2)
- PP, 1) + T [ do,
X by @D @) . (1) ¢, (@)
+ Z U(@)(05by 5@ ¢.(r.))
- Z U%(@){baba- ¥ 5 (X)) ¥, (1)). (33b)

Equations (30)—(33) represent the lowest members
of an hierarchy of equations. Each member is
given in terms of higher members, ie., in terms
of functions of more particles correlated in a more
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complicated way. It is a hopeless task to solve
this hierarchy exactly, and thus one must resort to
approximate methods in order to truncate this
hierarchy and obtain a closed set of equations
from which kinetiec equations can be obtained.

Before we turn to the discussion of our scheme
of approximations, we introduce the symmetry
requirements on the functions studied in Eqs.
(30)—(33). It is convenient to introduce an anti-
symmetrization operator for the electrons (we do
not discuss the phonon symmetry, because in the
present theory, we restrict ourselves to one-phonon
functions):

i—1
Yo = H [1 - kz: 6&,'“Pi,k] ’
=1

i=2

(34)

where P, permutes the variables r; and r;. The
v. satisfies the relations

'Yn+1 = 'Yn[l - Z 65,‘,«7; ;Pi,n+1] ] (35)
i=1

and commutes with the operators 7', w, U of Egs.
(27)-(29). Now we define new functions by means
of v,:

F(L, 1) =vfQ1,1) = f{Q0,1),
GV, 1, q) = 71g°(1, IV, @
=¢°(1,1, 9, =12,
Foo(1,2;1',2) = vf,Q1,2;1,2), (36

and so on. If we now substitute these relations
into Egs. (30)-(33) we obtain a set of equations
for the new functions f,, f,./, g., ete. In the following
we are concerned with the properly symmetrized
functions thus obtained.

C. Truncation of the Hierarchy

We employ here a generalized version of a method
originally developed by Bogoliubov,® which has
proved successful in the classical theory of inter-
acting particles'"*® and also for degenerate Coulomb
gas."” The method rests on the observation that,
for large class of initial conditions, the intrinsic
correlation functions between particles can be
treated as small, compared to the product of one-
particle distribution functions. For example, if one
defines the two-body correlation function g(1, 2)
by the equation

(1, 2) = L(DAHE@) + ¢(1, 2),
where f,(1, 2) is the joint distribution function

15 T. H. Dupree, Phys. Fluids 4, 696 (1961).
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for two particles and f,(1) is the one-particle dis-
tribution function, then ¢(1, 2) can be treated
as small compared to f,(1)f,(2). The argument is
that ¢(1, 2) is roughly proportional to the ratio
between the average potential energy and the
average kinetic energy per particle, and dies out
when the two particles are far apart (roughly
when the separation is of the order of the range
of the interparticle potential or larger). From the
previous discussion one concludes that the more
particles involved in the correlation, the smaller
the magnitude of this correlation function.

To carry out this program, we start with the
definition of the two-electron correlation function
gu’(ly 2; 1/’ 2,) by

f-w'(lv 2; 11: 2,) = fs(ly 1,)fa’(2y 2’)
+ gss’(ly 2; ]-,; 2,)1 (37)

and we thus make the assumption that ¢ is a first-
order quantity while f, is a zero-order quantity.
We are concerned here only with quantities of
the zero and first order, therefore, we write

farran(1,2;3; 1, 27, 3) & A£,(1, 11,2, 291,43, 3")
+ 1.3, 1)g.,(2, 3;2', 3%)
+ £@2,2)g,,-1, 3; 1/, 3")
+ (3, 3)¢...1,2; 17,2, (38)

We also consider the phonon distribution function,
n(q), as zero-order quantity, and the phonon—
electron functions ¢’ and ¢ as first-order quant-
ities (the latter functions cannot be factorized and,
therefore, are correlation-type functions). If we
make use of the fact that the phonons are not
coupled in the Hamiltonian, and that the only way
they can be correlated is via the electrons, we can
write, to first order,

<b‘1¢+s(r;) v, @)Y ()¢, (1)
Xy (L1, @ (2,2) + g2, 25 9.1, 1)},
G @D D) (1) (1))

X 72{98(2)(1y 1’r q)f~’(272’) + g§2)(2’ 2’;q)fs(1v 1’)} ’
(39a)
and

(barba ¥ A ¥.(1)) & Soun(@fu(1, 1),  (39b)

and all the other functions involve two-phonon and
two-electron operators and are of higher order.

It should be pointed out that although we assume
the electron-electron interaction to be small, the
long range of the Coulomb potential produces
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‘“shielding” effects and thus ‘‘self-consistent” terms
(where there is an integral over the Coulomb
potential) are not small. This does not apply,
of course, to the ‘“‘exchange’” terms where the range
of the forece is reduced (to the order of de Broglie
wavelength). The electron—phonon interaction is
also considered to be small, but terms where integrals
over u,(r) are involved are not small, due to the
fact that there are many electrons in one wave-
length of the phonons.

Thus, for homogeneous systems, we obtain the
following equations:

(1) The distribution functions satisfy

d
a_tfa(ly ],) = Z: f dr‘zu-)lzgxs'(ly 2; 1’; 2)

+ T U@L, 150) — TH@e (L, U5 9),
(40a)
and

20~ L [ a0, 150

— ui(r)g.” (1, 1’; 9)}.

(2) The correlation functions satisfy

(40b)

(% + 711 + Tz)st'(ly 2; 1,, 2’)
= w1, 1)@ 2) = X [ deslinaPus, .
+ w236u”P13]fs(17 ll)fs’(zy 2,)f&”(3! 3)

+ 3 [ drtiag. @, 3:2, 9101, 1)

+ wzagsa"(ly 3) llv 2)]:3'(2, 2’)}v (41)
(%Z + dw, + 'ﬂ)gﬁ”(l, U, q

= 7 W)@ + 1] = wiEdn@)La, 1)

= 3 [ dmaseara, o, 1)

+ 3 [ drpagd @, 25 010, 1), (42)

and
a_ — (2) ’.
at ’qu + Tl ga (11 1 ] Q)

— L fuatedn(e) — w1 + @131, 1)

~

AND PHONONS 1187
1
- [ draara, 21, 1)
+ 3 [ deaeg® @ 2 080, 1), (42b)

The remainder of the report is devoted to the solu-
tion of these equations, leading to kinetic equations
for the electrons and the phonons. We wish also
to point out that Egs. (41) and (42) are not coupled,
because we have assumed w, to represent -the
renormalized frequencies of the phonons, and then
restricted ourselves to homogeneous systems.

III. KINETIC EQUATIONS

In the present section we solve Egs. (41) and
(42) in terms of the electron and phonon distribution
functions f(p) and n(k) and substitute the time-
asymptotic solutions of the correlation functions
into Eqs. (40a) and (40b) to obtain the kinetie
equations. The justification of this substitution is
based on the physical assumption, which is originally
due to Bogoliubov,® that the correlation funetions
resulting from ‘“‘collision” reach asymptotic values
in time which is very short when compared with
the time over which the distribution funetions vary.
This procedure makes the final form of Eqs. (40a)
and (40b) irreversible.

It is now convenient to employ a ‘“‘momentum’
representation for the electrons. We introduce the
following funections:

(1) The electron distribution function
1@ = [ dn drioedgsef ., (9)

where, in our special homogeneous case, f,(r,, 1]) =

f.(ry — 1f), and
f.(1, 1) = ; $3(r1)ey(r,)1.(D); (44)
we can also write
1) = (a3.05.), (45)

with the normalization (assuming that the ions
are singly ionized)

N =X [ doro);
(2) The electron—electron correlation function
0.0, 050 = [ dr, dr, drl detdy. )y 15D

X ¢;k’+%k(r2)¢:—§k(rl)g“'(11 2; l,v 2/)) (46)

(3) The electron—phonon correlation functions
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9.7, @ = f dry dt}dp1a(T)

X ¢ 4om)g (1, 1;q),  (47a)
020, 0 = [ del deigyoiole)
X ¢k (1, ;9. (47h)

If we now use Eqs. (17), (19), and (20), we can
transform Eqgs. (40)—(42) to the form:

(1) The electron distribution function

af,(p) _ | 8f.(p) of(p)
ot ‘[ ot ]+[ ot ]h (182)

[P = =i T

X 2 g — ¥k, p;k) — g..(p + 3k, p'; K},
P8

(48b)
and

[%P]..

= —4 2 ulg’(p — 34,9 — ¢ (p + 34, 9]

+i 2 utlg®(p — 3¢, 9 — ¢ (@ + 3q, 9)J;
q

(48¢)
(2) The phonon distribution function
d .
—~’§ff L= ;Z [t (0, @ — ke ", @1, (49)

(3) The electron—electron correlation function
i} . .
[5; — 1A(p, k) — ¢A(p/, —k)]g“'(p, P, k)
+ ’i¢(k)H:'(p{ - k) ,Z gu”(p! p”; k)
| MY A

+ Z¢(k)HS<py k) Z ga'.“(P’, p”; —k)
| XTI

= —il,..(p, p'; k), (50)
where we have introduced the notations
Alp, k) = E(p + 3k) — E(p — 3k),  (51)
H(p, k) = f.(p + 3k — f.(p — 3k), (52)
and
I,(p,p'; k) = {F.(p, KF,.(p', —k)
= F.(p, -BF. (', Blok), (53
with
F.(p, k) = f.(p = [l — f.(p F i)]. (54)
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Finally, for the electron—phonon correlations func-
tions, we obtain

. . .
[a_t + ww, — 1A(p, q)]gf '(p, @)
+ ip(QH.(p, @ 2 9@, @
R

= —u*n(Q)H.(p, Q)

— wif,(p+ 39 — f.(p — 3], (55a)

and

[g—t — iw, + A(p, q)]gi”(p, qQ — (g H.(p, @
X 22 920, @ = +iun@H.(, Q
P8’

+ duf (o + 3911 — L. — 9. (55b)

Our program is now to solve Eqgs. (50) and (55)
in terms of f,(p) and n(q), assuming that the latter
functions are not changing in time, and then
substitute the asymptotic time solutions into (48)
and (49) to obtain the kinetic equations.

A. Electron-Electron Correlation Function

Equation (50) is very similar to the equation
one meets in the theory of electron gas'''*® and has
been solved by various authors using different
methods; therefore, we only sketch briefly one
method of solution which is due to Dupree' (also
see Wolff'"). We define a time-independent operator

H,(p, k) = —iAQp, k) + ip(t)H.(p, k) D..  (56)
Equation (50) is now given by
[0/0t + H.(p, k) + H..(p’, —K)]g..-(p, p’; k- 1)
= _ilu’(p’ p,;k)' (57)

From Eq. (57) one sees that H,(p, k) operates
on p only, and H,.(p’, —k) operates on p’ only,
and thus they commute with each other. If we now
introduce an operator R,(p, k, t) by the equation

(3/0t)R.(p, k, t) + H,(p, KR.(p, k, 1) = 0, (58)
with R,(p, k; 0) = 1, then
g (@, p'; K) = —if drR.(p, k; 7)
0
X B, (p’, —k; DI, (p, p’; k), (59)

and the problem is reduced to that of solving

Eq. (58) for R,(p, k). The solution of Egs. (58)

16 H. W. Wyld, Jr., and B. D. Fried (to be published).
17 P, A. Wolff, Phys. Fluids 5, 316 (1962).
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is readily
R.(p, k, Dh.(p, k)

_ ® —twT ]-
B -/.—on dust Alp, k) + w + e {h,(p, k)

(k) h(p, k)
+@:yﬂmmZAmm+w+J (60)

where ¢(k, ), the “dielectric function”, is defined by

H.(p. ¥
o0 X et e T

ek,w) =1 —

(61)

and A,(p, k) is any function of p, k, and s. Finally
we obtain
(k)

[%gqmm“=%h§a%Jm»—Mp+m1
X @@ — o + Bl — f@ ~ k)]
= flp + B’ — k)1 — fEIL — f)]}
X 6{E(@+ 1) — E@) + B — k) — E@)}.

In order to obtain this result we have made the
assumption that the electron distribution funection,
f(p), is such that the zeros of e(k, w) all lie in the
upper half-plane, i.e., that there are no unstable
oscillations.

Equation (62) represents the contribution of the
direct electron—electron interaction to the collision
integral of the kinetic equation for the electrons.
It amounts both to the individual and the collective
aspects of the electron interactions, so that the
electron—electron potential is dynamically shielded
by the simultaneous motion of all the electrons
of the system. The “collision integral” of Eq. (62)
is the same as that of a quantum electron plasma'®'*®
as was expected on the basis of the model employed
for the metal. Thus, as far as the electrons are
concerned, the higher their density, the better the
approximation we have made.

2

(62)

B. Electron-Phonon Correlation Functions

The solution of Eqs. (55) is somewhat simpler
than that of Eq. (50). We first take a one-sided
Fourier transform in time of Eq. (55a):

[~ + € + tw, — 1A(p, @1g."(p, q; @)
+ i$(QH.0, O 2] 9.0, 4;0)

—— M L, 0
+ 1.0+ HlL — 1.o

1, (63)
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where the initial values of g’ are ignored, due
to the fact that they do not contribute to the
asymptotic value of g to be used in the kinetic
equations. We have also introduced a positive
small factor e to choose the path of integration
later. To obtain the time assymptotic value of
g (p, q) we solve Eq. (63) and apply the theorem

9.°@0, @ = Lim (=g (P, q,w).  (64)

The treatment of Eq. (55b) in the limit of Eq.
(64) is similar to that of Eq. (553,) We find that

g® is the complex conjugate of g

[0."@, O1* = ¢.”(, 9. (65)

If we use this relation in Eqs. (48) and (49), we
obtain

and

—2Im {2 wulgV @ + 3q; 9
q

- g."(0 — 3¢, 9}, (66)

an@) _

5 — —Im {I)Z;qui”(p, 0}, (67)

where Im (f) denotes the imaginary part of .

It is instructive to solve Eq. (63) in the limit
of Eq. (64) in two steps. First we assume that the
self-consistent term (screening term) i¢(q)H.(p, q),
Do 9@, q, ) is negligible. In that case we
obtain

(1) N H s(pr q)

Js (217, (I) - uﬁ"(‘l) A(p q) - w, + ie

190 — £, — 391
Alp, @ — w, T ie '

and upon substitution in Eqgs. (66) and (67), we find

[29] = o) %l @

+ ux f.(p + (68)

X {lf.p + @ — £.@I[E@ + @) — E) — w,]
— [f.® — .0 — QIS[E(@) — E(p — @) — w,]
+ (@2n) E!_‘, lual* {100 + @

X [1 — {.(DISEP + ¢ — Ep) — w,]

— .M — f.(p — QIS[EP@) — Bl — @ — wl},
(69)
and

T~ g T 1.0+ @ — 1.0)

XBW@+®—E@—wJ+MV§m@+®



1190

X 1~ 1.IEP+ @ — E@) — «l. (70)

Equations (69) and (70) are the well-known electron—
phonon kinetic equations (see e.g., Peierls’), which
are obtained under the assumption that the electron—
electron interactions can be neglected.

We now turn to the solution of Eq. (63) without
the restriction we have imposed before. In the limit
of Eq. (64) we obtain

ud 1
é(q) _wq) A(P, q) — Wq + 7€

X {n(@H.(p, ® + F.(p, 9 + H,(p, 9I(q

+ F.(p, Dle(q, —w)) — 11}, @Y

where e(k, w) is given by Eq. (61), F,(p, q) is defined
by Eq. (54), and

g, q =

14,00 =60 T jo o i @
If we now denote by
1@ 0) = 60 X 5o 2t
I,(q, @) = —¢(9) pE F.(p,9
X 8[A(P, @) — w, + 3],  (73)
and
@) = =o0 T g T g o
eq, ©) = ¢(9) DE [f.p + 30 — 1.0 — 39)]
X OE(P+ 39 — Epp — 39 + o], (79

where D’ stands for the principal value summation’
we obtain

Mol — 2n 3 el (nto) + 1ig, 0]
X e(q, —w,) + 1:(q, w)elq, —w,)}
X {lf,e + @ — f.@IlEP + @ — Ep) — ]
— [f{p) — f.(p — QIS[E@) — E(p — @ — wl}
+ {[n(@) + 11(q, wo)le(q, —w,)
~ I.(q, w)a(q, —wo)}
X {lfp+ @ — L.OIEP + @ — E@) — «]

— [f.® — fp — QIEP) — E(P — @ — wl})
+ 2 E u{f.(0 + Q1 — 1.}

X 8lE( + @ — E@) — «] — ()

X1 =flp — QPED — Ep — q — wl}, (75

AMIRAM RON

and
on(@ _ I t1|2
at 2m le(q, q)lz { n(‘l) + Il(q» u)]
X g f.p + @ — 1.(ISEP + @ — E@) — ]
+ 61((1, wa) p;, fa(pv Q)
X [ = f,(@IS[E(P + @ — E(p) — w.l}. (76)

Equations (62), (75), and (76) are our final kinetic
equations for the electron—-phonon system. They
all include both the indiwidual and collective aspects
of the electron interactions. The simultaneous
motion of the electrons causes a dynamiec shielding
of each other and of the phonons.

Iv. SUMMARY

The present paper represents a method of deriva-
tion of kinetic equations for electron—phonon
system. We have assumed a simplified model for
the system, and started from the Hamiltonian of
Bardeen and Pines, modified in such a way to
include the ‘“real” frequencies of the phonons.
Using the second qualization representation, we
have introduced an hierarchy of equations for
the electron and phonon distribution functions and
correlation functions. The lower members of this
hierarchy have been studied employing a generalized
version of Bogoliubov procedure of truncating the
hierarchy and introducing irreversible kinetic equa-
tions. A set of kinetic equations was obtained for
homogeneous system taking into account the
individual and collective aspects of the electron
interactions.

The coupled set of equations, Eqs. (62), (75),
and (76), for the electron—phonon system, provide
a discription both for the approach to equilibrium
of the distribution functions and for the study of
transport phenomena of metals. Although a complete
solution of these nonlinear equations appears to be
extremely difficult because of the formidable
nature of the expression, it is hoped that they may
prove useful in the approximate determination of
transport properties like relaxation times and
conductivity. A more detailed study of these
problems is reserved for future work.
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A general formalism is developed from which the average number of distinct sites visited inn
steps by a random walker on a lattice can be calculated. The asymptotic value of this number for
large n is shown to be (8n/)! for a one-dimensional lattice and cn for lattices of three or more dimen-
sions. The constant ¢ is evaluated exactly, with the help of Watson’s integrals, for the simple cubic,
body-centered cubic, and face-centered cubic lattices. An analogy is drawn with an electrical network
in which unit resistors replace all near-neighbor bonds in a lattice, and the resistance of such a network

on each of the three cubic lattices is evaluated.

1. INTRODUCTION

HE random walk on a lattice generates statis-

tical problems which have had recurrent
attention for a number of years.' The simple
question of the average number of distinct sites
visited by a walker in n steps, S,, however, has not
been fully treated. Dvoretzky and Erdés® have
found asymptotic forms of S,, in the limit of large n,
for walks on the simple square lattice, the simple
cubic lattice, and the simple hypercubic lattices.
For lattices of 3 or more dimensions, they find
that S, approaches the form cn for large n, but
do not evaluate the constants c. In the simple
square lattice they find the asymptotic form mn/log n
for S,. Beeler and Delaney® have studied random
walks by Monte Carlo methods on a computing
machine, and have deduced approximate asymptotic
values of S, for certain two- and three-dimensional
Iattices.

The problem of the number of distinet sites
visited has practical importance in the theory of
annealing of point defects in crystals. A defect
such as an interstitial or a vacancy diffuses by a
random walk on a lattice, and the rate at which
defects are annihilated at point sinks is proportional
to the average rate at which defects are arriving
at fresh sites on the lattices, that is, at sites which
have not been visited previously. The physical side
of this problem will be treated at some length in
a forthcoming book by Damask and Dienes.*

* Work performed under the auspices of the U. S. Atomic
Energy Commission.

1 For reviews see S. Chandrasekhar, Rev. Mod. Phys. 15,
1 (1943); E. Montroll, J. Soc. Ind. Appl. Math. 4, 241 (1956).

2 A. Dvoretzky and P. Erdés, Proceedings of the Second
Berkeley Symposium on Mathematical Statistics and Prob-
ability, edited by J. Neyman (University of California Press,
Berkeley and Los Angeles, 1951), p. 353.

3 J. R. Beeler, Jr., and J. A. Delaney (unpublished).

¢ A. C. Damask and G. J. Dienes, Point Defects in Metals
(to be published).

In this note we give a new and simple formulation
of the problem of determining S, examine its
limiting behavior for large n in one, three, and
more than three dimensions, and present exact
numerical results for the three eubic lattices.

2. GENERAL FORMALISM

Consider a random walk on a Bravais lattice
of any number of dimensions. Let the coordination
number of the lattice be z. The walker is allowed
to step only to nearest-neighbor sites, and to step
to each of these with probability 1/z. If a site is
considered to be marked with a ‘footprint” as
soon as the walker visits it, a cloud of footprints
develops in the lattice as the walk progresses.
On the average this cloud will have the symmetry
of the lattice, and, if viewed from the current
position of the walker at any stage, will also, on the
average, possess the lattice symmetry. Our strategy
is to calculate the average density of this cloud
of footprints, for the rate at which fresh sites are
being visited is just the probability that a site
adjoining the walker does not bear a footprint.

Thus, define the probability p,(r) that, after
n steps, the site at r from the present position
of the walker has been visited at least once. These
probabilities obey the following relations:

1
pn+l(r) = ; ;pn(r + b)r r # Oy

n = 07 11 2, tet ? (1)
pﬂ(o) = 1) n = 07 11 2? Tt ? (2)
pO(r) = O! r# 07 (3)

where b denotes a nearest-neighbor displacement
and Zb means summation over the set of z nearest-
neighbor displacements.
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Equations (2) and (3) are obvious. To prove
Eq. (1), observe that in the step n 4+ 1 the walker
might be displaced by a vector b, in which case
the site previously at r 4+ b relative to the walker
becomes the site at r. Since r # 0 the walker has
not moved on to this site, and so the probability
that the site has been visited has not changed.
Allowing the probability 1/z for the particular
displacement b, and summing over the possible
displacements, one arrives at Eq. 1.

Equations (1) and (2) and the initial conditions
(3) determine the entire set p,(r).

Let S, be the average number of distinet sites
visited in n steps. The increase, in step n + 1,
in average number of distinet sites visited is just
the probability that any nearest-neighbor site b
has not yet been visited by step n, namely 1 — p,(b)
[note that symmetry makes p.(b) the same for
all nearest-neighbor sites]. Thus,

Sn+1—Sn=1—pn(b)v n=0’112)"';
S():l.

Equations (1) and (4) determine the set S,.
Directly from the definitions of S, and p.(r)
one can also write the relation

8, = Z_‘,pn(r),

where the summation is over all lattice vectors:
The consistency of Egs. (4) and (5) is easy to prove
with the aid of Eqgs. (1) and (2).

Without seeking explicit solutions of Eqgs. (1)—(4),
certain general conclusions can be drawn. For n
large, p.(r) becomes indepent of n. Let this limiting
value be called p«(r). From Eq. (1), p.(r) is de-
termined by

Pot) = zl ;pw(r +b), r#0,

2.(0) = 1.
These equations can be understood more easily
by the following analogy: If an electrical network
is constructed® with nodes at the lattice points
and unit resistors replacing all near-neighbor bonds,
and if the nodes at infinity are grounded and the

@)

®)

(6)

s Electrical networks have also been employed in random-
walk problems by K. Compaan and Y. Havens, Trans.
Faraday Soc. 52, 786 (1956).
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node at the origin is held at unit potential, p(r)
will be the potential of the node at r. From this
consideration one can demonstrate that, for networks
of 3 or more dimensions, 0 < p.(b) < 1.

Equations (4) lead, in three or more dimensions,
to a limiting form, for large =,

S =a+ [l — p(b)n,

where @ is a constant.

For one- or two-dimensional lattices, the electrical
network analogy shows that p.(b) = 1, and here
S, must increase less rapidly than linearly with n.

@

3. LIMITING VALUES IN ONE DIMENSION

For one dimension, the limiting growth is found
by passing from Eq. (1) to a differential equation
for p,(r), valid in the limit of large n:

2[op.(@)/on] = F’pu(2)/32°,  p.0) = 1. ®
The solution of (8) is
pa() = 1 — exf [z/@2n)}].
In the same limit,
B g~ pult) = et [@%—J - (%)* (©)
Equation (9) has the solution
S, =a+22n/mt (- »), (10)

showing a square-root growth of S, with n. The
meaning of this is evident from the consideration that
the rms excursion of the walker is proportional
to n}, and, in one dimension, while sites inside
this distance will almost always have been visited,
sites outside it will not.

4. LIMITING VALUES IN THREE DIMENSIONS

Consider a three-dimensional cubic Bravais lattice.
In the simple cubic lattice let the cell edge be the
unit of length; in the body-centered and face-
centered cubic lattices, let half the cubic cell edge
be the unit of length. Let the Cartesian components
of a near-neighbor vector b be denoted by, b,, b,
and of a lattice vector r be denoted »,, r,, r3; all of
these components will be integers. The general
solution of the Egs. (6) for p.(r) can now be written
down:

Lttt cos (ur,) cos (vry) cos (wry)
P=(1) = Fj; _/; fn 1 — 2" > cos (ub,) cos (b,) cos (wh,)

where

du dv dw, (11)

du dv dw

F = for fo,r -/;f 1—z" Zb: cos (uby) cos (vb;) cos (wbs)

(12)
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To demonstrate that (11) is a solution of (6),
write the latter in the form

me(r) = 0)
where Q is an operator defined by

o) = f@) — = X flc + D).

r#0,

Observe that, by virtue of the cubic symmetry,
cos (ur;) cos (vr,) cos (wrs) is an eigenfunction of Q
with eigenvalue

L — 27 3 cos (uby) cos (vhy) cos (whs).
b

Then, applying @ to the expression (11), for p«(r)
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one finds

Qo(r) = 11:,, fo ) fo ' f; " cos (ur,) cos (vry)
X cos (wrs) du dv dw

I

s .
-1 [[¥ =0, @=o).

Finally, from the definition of F, it is evident
that p-(0) = 1, which completes the demonstration.

For the three lattices, simple cubic (sc), body-
centered cubic (bee), and face-centered cubic (fec),
D»(b) may readily be evaluated. One uses the

relation 27 D5 pa(b’) = pu(b) to rewrite (11) as

Z cos (ub!) cos (b)) cos (wb})

o= [ [ [

> cos (uby) cos (vby) cos (whs)
=

du dv dw

1 w T T 1
Ffo fo fo l:l — 2" D cos (uby) cos (vby) cos (wbs) I:I du dv dw
-

[F — =%.

My

Finally, for sc lattices, F = 3x°I;; for bee, F =
7°I,; and for fee, F = 3x°I,, where I, I;, and I,
are integrals which have been evaluated by Watson.®

The asymptotic rate of change of S, with =,
as seen from Eq. (7), is 1 — pa(b). Values of this
quantity, as determined here, and also as found by
Beeler and Delaney in their Monte Carlo treatments
of diffusion, are given in Table I.

TasLE I. Limp.eo (dSs/dn), where S, is average number of
distinct sites visited in n steps.

Beeler and

Lattice Present calculations Delaney
gc 0.659 462 670 0.667
bee 0.717 770 010 0.725
fee 0.743 681 763 0.756

An independent way of deriving the asymptotic
rate of change of S, with n is the following: In
the paper by Dvoretzky and Erdés,” it is demon-
strated that 1 — p,(b) equals the probability
that the walker does not return to the origin at
any time during the first n steps. Then 1 — p«(b)
is the so-called escape probability, the probability
that the walker never returns to the origin. Montroll*

¢ G. N. Watson, Quart. J. Math. 10, 266 (1939).

has evaluated the escape probabilities for sc, bee,
and fec lattices; his results agree with ours in
Table I. Also, the demonstration given above in
Sec. 2 that, for one- or two-dimensional lattices,

. dS,

17.1-1.2 an = °
accords with the previously known fact’ that in
these lattices the escape probability is zero.

Finally, one notes that, {from the electrical net-
work analogue of Eq. (6) cited earlier, the resistance
from a node to infinity in a lattice in which unit
resistors have replaced all near-neighbor bonds can
be written

1

2l — pa(b)]
This resistance is 0.25273, 0.17415, and 0.11206 Q
for the se, bee, and fee lattices, respectively.
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Interstellar space may be full of very dense and very faint stars (supernova remnants, very old
white dwarfs, ete.), on whose surfaces the gravitational field intensity is very high. What, according
to general relativity, are their observable properties, and what are the maximum gravitational effects
as a matter of principle? To answer this, the exact test particle orbits (geodesics) of the Schwarzschild
metric are derived, classified and described, on the basis of an exact classical model. The latter is of
considerable help in making the properties of the orbits immediately evident, and represents the
principal advantage of the present derivation over previous ones. Also, as radial coordinate, instead
of the usual largely arbitrary r, the metric coefficient gog = A%(r) is used. A? has immediate physical
significance as the red shift ratio »(r)/»( »), and its use also simplifies the formulas. The test-par-
ticle scattering angle (generalizing the results of Darwin), and the differential scattering cross sec-
tion, as well as the capture cross section of a sphere of radius A%(r) = A%R) = Ag? are calculated
as a function of test-particle energy, and presented graphically. The observed, augmented, angular
diameter of a sphere is calculated in terms of 42 and some peculiar lenslike effects of masses, first
discussed by Einstein, are reviewed. It is then pointed out that an important result of Curtis for
the interior field, implies 42 > 0.514, so that the exterior field extends at most down to A? = 0.514,
and the region A2 < 0.514—which would be the most pathological region of the exterior—cannot
in fact exist, if Curtis’ arguments are assumed valid. As a result, quasihyperbolic test-particle orbits
exist with pericentrum equal to the radius of any conceivable spherical mass, and the radius can
therefore in principle always be determined by an asymptotic scattering experiment. As a further
result, the maximum photon-scattering angle can be no more than about 110° (and larger for slower
particles), providing a cutoff at this point in the photon-scattering cross section, and allowing a
massive star to produce at most one secondary image of another star. As a practical matter, none
of the effects discussed here seems large enough to be measurable today, with the sole well-known
exception of the red shift, which for the Curtis limiting sphere would be large enough to shift a visible
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spectrum into the near infrared.

INTRODUCTION

HE subject of this paper is the exact general-
relativistic (GR) behavior of test particles
(TP’s) in the Schwarzschild exterior field. The
purpose is to determine the observable properties,
both in principle and in an astronomical sense,
of large, dense masses—in particular, of the largest
masses apparently possible in a consistent GR
description.

The motivation for this investigation comes from
the old," and recently revived,”® interest in the
ultimate fate of large, gravitating masses, i.e., the
final evolutionary stages of white dwarfs. We have

* Some of this material was submitted in partial fulfill-
ment of the requirements for the degree of Doctor of Phi-
losophy in physics at Cornell University in 1963. .

1 Present address: 10 Saint Paul Street, Cambridge,
Massachusetts.

1J. R. Oppenheimer and R. Serber, Phys. Rev. 54, 540
(1938); 55, 374 (1939); 56, 455 (1939); G. M. Volkoff, Phys.
Rev. 55, 413 (1939); R. C. Tolman, Phys. Rev. 55, 364
(1939); F. Zwicky, Astrophys. J. 88, 522 (1938); Phys. Rev.
55, 726 (1939); Morphological Astronomy (Julius Springer-
Verlag, Heidelberg, 1957), pp. 255-6.

2 J.'A. Wheeler, “Some Implications of General Relativity
for the Structure and Evolution of the Universe,” Institut In-
ternational de Physique Solvay, Onziéme Conseil de Physique,
June 1958 (Editions Stoops, Bruxelles, Belgium); A. G. W.
Cameron, Astrophys. J. 130, 884 (1959).

here the following dilemma: On the one hand,
according to GR, the well-known Schwarzschild
singularity sets a lower limit to the size of a given
mass, as Wheeler has shown.” On the other hand,
there appears to be nothing in present theories
of the structure of matter, which could in fact
prevent an indefinite gravitational collapse.® We
shall not here be concerned with finding a way out
of this dilemma. We merely note that, whatever
its solution, there is in any case the strong suggestion
that interstellar space is abundantly populated
with very old, very dense, and very faint white
dwarfs. If this is so, what, according to GR, are their
effects on a distant observer? It is to the answer
to that question that we wish to contribute here.

A TP in this context is a particle whose own
contribution to the field is negligible, and which
therefore moves along the geodesics (null-geodesics
for TP’s with zero rest mass) of the given metric.

The discussion will be based almost entirely on
the exact geodesics, since we are interested in the

3 See for example, S. A. Colgate, W. H. Grasberger, and
R. H. White, “The Dynamics of a Supernova Explosion”,
1961 (unpublished).
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strong field limit and in questions of principle.
The exact TP orbits in the Schwarzschild exterior
metric were first derived by Hagihara.* More
recently they were treated by Darwin,®® and parts
of the present work may be viewed as extensions
of parts of Darwin’s work. The principal novel
feature here is that the orbits are derived and
classified with the help of an easily visualizable
classical model (Sec. IC). In addition, we use the
metric coefficient ¢, as the radial coordinate
instead of the usual distance coordinate r, for
reasons that will be explained below (Sec. IA).

Since the Schwarzschild field is static, we are
in effect restricted to those effects that can be
observed during a time interval short compared to
the evolutionary time scale of the source matter.
To take account of the evolutionary nature of
real masses, suitable nonstatic solutions must first
be discovered and investigated. The fact that the
Schwarzschild field leads straight to the above-
mentioned dilemma, makes this all the more urgent.

Also left out of account here are the details
of the structure of the source matter. Thus, quantum
mechanics, elementary particle theory, ete., and
their possible reconciliation with GR, will not be
discussed, except to point out possible overall
limits placed on the size of the source by GR itself
(see below).

The paper falls into two main parts. In Sec. I
the exact behavior of TP’s in the empty Schwarz-
schild exterior field is worked out. Among other
things we shall here find, as Darwin®® did, that
there are TP orbits that can attain the center
of force. In part II, however, we shall introduce
the fact that the source of the field itself must
occupy some of the space. Hence the exterior orbits
cannot, in fact, approach the center of force ar-
bitrarily elosely, because the source body is in the
way. Part II deals with the effect this has on the
observable properties of the field.

In the concluding part of Sec. II we discuss the
result of Curtis” which showed that GR itself puts
a lower limit on the possible radius of a given mass,
which is much more restrictive than the Schwarz-
schild limit. The existence of the Curtis limit
would mean that the exterior field cannot extend
down to where the Schwarzschild singularity would

17Y. Hagihara, Japan J. Astron. Geophys. 8, 67 (1931).
This old article was discovered after the present work was
substantially completed; the only reference to it is apparently
in the book of Synge (reference 9).

& C. Darwin, Proc. Roy. Soc. (London) A249, 180 (1959).

6 C. Darwin, Proc. Roy. Soc. (London) A263, 39 (1962).

7 A. R. Curtis, Proc. Roy. Soc. (London) A200, 248 (1949).
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be, and has an important bearing on the question
of what can be measured in principle: We shall
see that, with the Curtis limit, the radius of any
source body can in principle always be determined
by an asymptotic scattering experiment, which
would not necessarily be the case if masses could
go beyond the Curtis limit.

1. BEHAVIOR OF TEST PARTICLES IN AN EMPTY,
STATIC, SPHERICALLY SYMMETRIC
GRAVITATIONAL FIELD

A. Metric of the Exterior Field

The most general form of the Schwarzschild
metric is®
ds* = A*(r) dt* — df®, 1)
where A
a® = B*(r) dr* + C*()r* do’, (1a)
and
do’ = d6® + sin® 0 d¢’.

Here 6 and ¢ are the usual uniquely defined spherical
angular coordinates. The radial distance coordinate
r, however, is arbitrary, in the sense that any
substitution of the form r = 7f(F), with arbitrary
differentiable f(7), leaves the form of the metric
invariant.

Now it is well known®’ that, for the exterior
solution, the weak field limit, the Newtonian limit,
and the limit » — « are identical, namely,

A’ — A — 2m/r), B -1, C(r—1, (2

where m = GM/c*, G = 6.67 X 107° ¢* g7 sec™?,
provided M is the mass as measured by the sphere’s
gravitational attraction at infinitely large distances,
and provided r is taken as the familiar Newtonian
distance coordinate in the same limit. Under these
conditions the usual exterior solution is

Clr) = @m/N(1 — A®™', B@) = A7'(drC/dr), (3)
and the spatial part (1a) becomes
(d0)’/am* = A7*(1 — AP (dA®)’

+ (1 — 4)*de’,  (1b)

where r has been eliminated as radial coordinate
in favor of gy, = A®. The usual procedure is to
make some more or less arbitrary choice of the
function A®(r), consistent with the limit [Eq. (2)].
For example, with 4> = 1 — 2m/r, we get the

8V. Fock, The Theory of Space Time and Gravitation,
(Pergamon Press, Inc., New York, 1959).

¢ See for example, G. C. McVittie, General Relativity and
Cosmology (John Wiley & Sons, Inc., New York, 1956);
C. Mgller, The Theory of Relativity (Oxford University Press,
London, 1952); J. L. Synge, Relativity: The General Theory
(North-Holland Publishing Company, Amsterdam, 1960).
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familiar “Schwarzschild” form of the metric, which
we shall here call the S metric. Other forms that
have found some use are the isotropic'® and the
harmonic.® We perfer to use A® itself, because,
in contrast with any of these r’s, it has a direct
physical meaning, and its value at the surface
of the source body (say, at r = R or A* = A})
is perhaps the most readily measurable property
of the source. As is well known, A’(r) is simply
the ratio, »(r)/v(x), of the frequency of a photon
(say, H,) emitted at r and received at a large
distance to the frequency of a similar photon
(i.e. also H,) emitted close to the receiver. Thus
A2 gives the red shift of the source body; and in
conjunction with a mass measurement (by gravita-
tional attraction at large distances) it gives the
radius R for any given radial coordinate choice.
As A2 — 0, the observed frequency of emitted
photons goes to zero, and the rate of reception
of energy, and of information, goes to zero. One
could, therefore, never ‘“‘see” a sphere shrink to
this size.

B. Orbits of Test Particles

The TP orbits are given by the geodesics of the
metric (1), which in the plane § = 3= are well-
known" to yield,

(rC)*(d¢/ds) = ma, A*dt/ds) = v, 4)

where ma and vy are two constants of the motion,
which in the limit » — o are unambiguously the
special-relativistic angular momentum per unit TP
rest mass, and the TP Lorentz factor. Thus (4)
corresponds to the classical equations of conservation
of angular momentum and total energy. As alterna-
tives to « and v, it will be convenient also to intro-
duce B, the TP velocity at infinity; and 8, the TP
impact parameter (in units of m):

o' = &G — 1) = (1 - )7 (3)
The differential equation for the orbits is now

obtained by eliminating ¢, B, C from (3), (1a), and
(4), which gives

[d(A%)/de]’ = 4/a’)y* — A) — A*(1 — A% (6)

This in turn may be put in a standard mathematical
form'" by introducing yet another alternative

10 A, S. Eddington, The Mathematical Theory of Relativity,
(Cambridge University Press, Cambridge, England, 1957).

1t See for example, L. M. Milne-Thomson, Jacobian Ellip-
tic Function Tables (Dover Publications, Inc.,, New York,
1950), p. 23; or, E. Jahnke and F. Emde, Tables and Func-
tions (Dover Publications, Inc., New York, 1945), p. 98. The
results of Sec. IC, D, E were obtained in 1959 before the
autho5r) became aware of the related work of Darwin (refer-
ence 5).
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radial coordinate z,
z= 752 — 34%), A*=2%— 4z @)
so that (6) becomes

(de/dd) = 42" — gz — g,

=4z —2)e — 2)z—2), (63)
where
g = —4eazs + 22 + 2.2,) = 75(1 — 12/,
gs = 42225 = (z1e)[1 + 18(2 — 372)/a2], (8)
0=2z+z+a,

and where we assume 2z, > 2, > 2; when all three
are real. The standard solution of (6a) is the Weier-
strassian elliptic function p(¢ — @o; g2 ¢a); in
general, a complex, doubly periodic function of a
complex argument with two real parameters.
Naturally only real values of the angle ¢ are involved
here, but the constant of integration may be complex.

If 2w; (7 = 1, 2, 3) are the periods of p(¢), then
) = p(—¢) = pl¢p + 2w),
p(‘*‘i) = &, wy + w, +wy =0,

The character of a particular orbit is largely
determined by the sign of the discriminant A of
the cubic on the right-hand side of (6a), which
is defined by

9

A= 923 - 279323

so that from (8), after some manipulation,

Ale, v) = Q7/16a)0i — )& — 7)),  (10)
A@B, &) = (1/168°)(8* — 83)(8" — &2, (11)
where
Yo = (@/5H[(1 + 36/a”) &= (1 — 12/6®Y], (10a)

8u.. = (1/28[(86" 4 208° — 1) + (88> + 1)}]. (11a)

For each particular (&) sign of A, the solution
p(¢) of (6a) can be written as an expression involving
only Jacobian elliptic functions, which, roughly
speaking, are generalizations of trigonometric and
hyperbolic functions (to which they reduce for
A = 0), with real periods ranging from the trigono-
metric limit 27 to the hyperbolic limit (). Fune-
tions like this had to appear, of course, to give
the perihelion advance.

The roots of the cubic on the right-hand side of
(6a) are evidently related to the possible orbital turn-
ing points (where dr/d¢ = dA/d¢ = dz/dp = 0).
These points will be denoted by r;, A,, or z; (; =
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1, 2, 3). Only real positive values of r; can, of
course, qualify as physical turning points. By (8),
the 2; (only two of which are independent) are
uniquely determined for any TP with given constants
of the motion. In fact, each TP can now be associated
with a variety of alternative pairs of orbital in-
variants: either («, v), or (8, 8), or (g,, gs), or two
of the three r;, A;, 2;, or w;. Yet another pair of
invariants is (e, £), the eccentricity and the latus
rectum, which were used by Darwin,® working in
the S metric, to write (6a) in the following form
(in our notation):

[d(A%)/de] = (AT — A®)(4% — A*)(45 — A7),
with
A} = 4m/e, Al =1-—2m(l + ¢/¢,
A3 =1 —2m(l — /L.

The degenerate orbits with A = 0 have only
one degree of freedom: Any one orbital invariant
is in this case uniquely determined in terms of
any other. Thus, since two of the 2z, are equal in
this case, one has from (7), (8), (10a), and (11a),

AL, =32 F (1 - 12/6H)1,
=31 - )7 F 88 + D],
where A, = A, = A,and A, = 4, = A,.

(12)

C. Exact Classical Model

Consider a classical particle with angular momen-
tum me per unit mass and with total energy (exclud-
ing rest energy) (v — 1) per unit mass, moving
in the central potential:

Vi) = —(m/m(1 + m*e®/r). (13)
The classical conservation laws give
ma = r’(d¢/dt), (14)
' — 1 = (dr/dt)* + r*(d¢/dt)* + 2V, (15)
and therefore,
v — 1= (dr/dt)’ + m’a’/r* + 2V. (15a)

After eliminating ¢ and putting w = m/r, the classical
equation of motion becomes

(du/de)® = (v* — 1)/a® + 2u/a® — u® + 2u°.  (6b)

But this is precisely the form taken by the orbit
equation (6) in its S-metric form, ie., with 4> =
1 — 2m/r. Hence such a classical particle has
precisely the Schwarzschild orbits.

To make this model more instructive, we note
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Fic. 1. The equivalent classical one-dimensional potential
for the motion of test particles in the Schwarzschild metric vs
the radial coordinate A2( =gu), both dimensionless [Eq. (16a)].
The parameter « corresponds to the test-particle angular

momentum per unit rest mass. The maxima (dots) and the
minima (bars) are at the positions defined by (12).

that the central potential V(r) is equivalent to the
one-dimensional potential'®

Ur) = V() + m*®/2°, (16)

in the sense that, if the particle were constrained
to move in one dimension in the potential U,
then its energy equation would be just (15a) again.

The relations (15a) and (16) show that only
those ranges of » which satisfy 1(v* — 1) > U(r),
are accessible to a particle with given (o, v); and
U(r) depends only on «’. Hence on a plot of U(r)
vs 7, the intersections of the straight line U =
1(y* — 1) with the curve U = U(r; ) give the
orbital turning points r;, and the parts of the
straight line above the curve give the accessible
ranges of r. Instead of U(r) one can consider U(A4?),
which then applies directly to the orbit equation
(6). Thus from (13) and (16), with 4> = 1 — 2m/r,
one obtains

U= —31 - 49 + Ga)A’A — 4%,  (l6a)

which is shown in Fig. 1 for various values of o’.

It is easy to verify that U(A®) has extrema at
A? = Al,, where U = 3(y2, — 1) = U,., as
expected from (10a) and (12), the subseripts «
and s corresponding, respectively, to a maximum
and a minimum of U. This also explains the choice
of these subseripts, for it is evident from the figure
that unstable (stable) circular orbits are possible
for a TP with v* = 42(y* = %2), i.e., when the

12 See for example, H. Goldstein, Classical Mechanics

(Addison-Wesley Publishing Company, Inc., Reading, Mas-
sachusetts, 1953), p. 63.
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Fic. 2. The (a?, ¥?) plane with the curves v, 2 of (10a)
(the g2 ordinate is not on a linear scale), showing also several
of the curves 8 = const given by (5). For a test particle at
infinity, v, 8, @, & are, respectively, the Lorentz factor, the
velocity in units of ¢, the angular momentum per unit rest
mass, and the impact parameter in units of the graviational
radius. The capital letters identify the domains of the various
types of orbits defined in Table 1.

line U = 1(y* — 1) is tangent to the maximum
(minimum) of the curve U = U(4?; <°). With
the condition 4° = 4%, it is possible in addition
to have orbits that spiral up to or down to the
point A® = A? (Types aBI, aBA, OAa; see below).

D. Classification of Orbits

Figure 2 gives a plot of 72, vs a” as in (10a).
The TP orbits in the metric (1a) form a two-param-
eter family of curves, every orbit corresponding
to a unique point in the (o, ) plane. However,
more than one physically distinct orbit may cor-
respond to a given point in this plane, since in
Fig. 1 the straight line U = %(y* — 1) may have
two distinet segments above the curve U = U(4%).
In such a case, the choice of the constant of integra-
tion ¢, in the solution p(¢p — ¢o) of Eq. (6a) de-
termines one or the other of the two possibilities.

Figure 2 also shows the line ¥* = 1. Orbits below
this line are bound orbits, of course. In Fig. 1
this corresponds to the fact that an orbit with
v? < 1 has a straight line U = 3(y* — 1) that
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lies below the abscissa, and which therefore must
intersect the curve U = U(4*) at a positive value
of A2 less than one (since these curves all approach
U = 0 from below as 4% — 1).

Using Fig. 1 we therefore arrive at the classifica-
tion of orbits summarized in Table I and on Fig. 2.
Our nomenclature has the following significance:
“0” means that the orbit spirals into the origin,
r = 0 (which may be anywhere between A* = 0
and A> = —»); “I” means that the orbit attains
infinity (r = o or 4® = 1); “A” (“B”) means
that the orbit is bounded above (below) by a
circle to which it is tangent; “a” means that it
approaches this bounding circle in an asymptotic
spiral. The general appearance of the orbits is
therefore self-explanatory.

Orbits of types OI, OA, aBI, aBA, and OAa
have no analogues in Newtonian gravitation. BI
orbits correspond to the Newtonian hyperbolas
(parabolas when v* = 1), and BA orbits are the
precessing ellipses that give rise to the advance
of the perihelion. Finally, of course, there is the
possibility of purely radial motion, on OI or OA
orbits in the limit o = 0.

E. Precessing Ellipses: Perihelion Advance
The BA orbits are best written in the form

A%g) = A5 — (45 — A) s0® (b, k),  (17)
where
W = A3+ 341 — 1,
K= (43 — ADQAL + 43 — 27,

Since sn ( ) lies between =1, this clearly shows
that A® lies between A2 and A2 Fig. 1 shows that
the minimum possible value of the perihelion A3
for a BA orbit is 2 (or r, = 4m, when A®> = 1 — 2m/r,
as Darwin® showed). The perihelion advance
from (9) is 2(w, — =), where in this case,'! w, =
2(42 — A?)7¥K (k) and K (k) is the complete elliptic

TasLE 1. Classification of orbits.

Type A Range of A? Solution of orbit Eq. (6) or (6a)
BI + A2t < A <1 () = 25 + (22 — 23) sn? (bg, k)
b =z — 23, k2 = (2o — 23)/1)2
oI - —wm <A< 1 o) =2z + H* (1 + cn 2He)(1 — cn 2Hg)1
HY = 2212 + 93/421, k? = Jﬁf - %Zl/H2
BA + A2 < A2 < A same form as BI
— same form as OI
0OA 0 —o < A? < A2 A¥¢p) =1 — 34,2 — 4b2 cse? by, 82 = 2 — 34,2
+ same form as BI or BA
aBI 0 A2 < A2 <1 A%¢p) = 2(1 — A,2) — 4b2tanh?be, 402 = 2 — 34,2
aBA 0 L2 <A < A2 same form as aBI
OAa 0 —o < AT < A2 replace b¢ by bg + 3iw in aBI
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integral of the first kind with modulus k. For the
planets, ¥° < 1 and &® >> 1, so that one can readily
show (e.g., Synge’ and Darwin®) that, to first
order in o % the advance per revolution comes
out to 6r/a’. This is the formula that has been
applied to the orbit of Mercury.’

F. Photon Orbits

Photons have zero rest mass, and therefore are
simply TP’s with 8 = 1. For instance, by taking
the ratio of the two expressions in (4), rewriting
(e®, %) in terms of (8%, &°) by means of (5), and
then setting 8° = 1, one gets

A7(rC)(d¢/dt) = m3, 4)

which is just the well-known result’ for the null-
geodesics of the metric (1a). In the same way,
the photon orbits are given by (6a) and (7), but with

g = 1/12,  ¢gs = (1/216)(1 — 54/8%),  (8)
A= (171688 — 27), & =27, & =0. (11

Degenerate photon orbits (A = 0) have A2 = }
and A? does not exist, as follows from (12). Therefore
photons can move in unstable circular orbits with
radius A®> = 1, but not in stable circular orbits.

As for a classical model, it is easy to verify that
a classical particle with total energy % per unit
mass and total angular momentum mé moving in
the central potential V = —m’a®/r* has the photon
equation of motion (6a) with (8'), if, as before,
r is defined by A®> = 1 — 2m/r. The equivalent one-
dimensional potentialis then U = (§°/8)A4*(1 — A4%)*
This is negative for A*> < 0, zero at A* = 0, has
a maximum U = U, = 1 = (§°/54) = (82/54)
at A* = A? = %, and approaches zero again at
A® = 1. [Note, however, that this model potential
is not a limiting form of the model (16a) for the
general case.] Clearly, there can be no photon
orbits of types BA or aBA. But photons can have
all the other types of orbits listed in Table I.

G. Circular Orbits

These have been frequently discussed be-
fore,>'®'*''* so we shall merely briefly show here
how these previous results emerge in the present
treatment.

The existence of stable and unstable circular
orbits has already been pointed out, and their
radii are given by (12). Now, by putting dr = 0
in (1a), and eliminating o and 4* = 42, from

13 W, H. McCrea, Helv. Phys. Acta 29, Suppl. 4, 121 (1956).
4 P. Goldhammer, Nuovo Cimento 20, 1205 (1961).
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(3), (4), (5), and (10a), one gets
(dt/dg)* = 8m*(1 — A} )7°,
(ds/d¢)’ = 3(34%.. — 1)(dt/de)’.

If, following McCrea'® and Darwin,® the coordinate
period T and the proper period S are now defined by
the changes in ¢ and s, respectively, for a change
of 27 in ¢, then it follows from the above and from
(12) that

T = 4v2rm(1 — 42)7},

= V2md®[l F (1 — 12/)}}

= V2rm(—B)*[l — 48° F (868° + 1)},
S = 1234, — DT,

= V21 F (1 - 12/d)r
= 11 - 8B F (86 + DIT.

These formulas show once again, what was
already evident from Figs. 1 and 2—that both
stable and unstable circular orbits have a minimum
possible “‘angular momentum” given by o° = 12,
where 8° = —% and A® = 1. For the stable ones,
we get the correct classical limits S — 7T and
T — 2rmirt = 2rm(—B)° = 2rmd’, as o — =,
or 8 = —0, or A> > 1 — 2m/r as in (2). And for
the unstable ones, we get a minimum possible
radius of A2 = tas "> 1,0ora® — o, or § — 0.

H. Scattering Angle

Consider a TP incident from infinity with velocity
B and impact parameter 8. What is the scattering
angle? For photons the question was answered by
Darwin,® working in the S metric. In the general
case we start with the BI-orbit equation in Table I.
The azimuth of the pericentrum is w,, and if ¢,
denotes the azimuth of the incident direction
(r= o, A = 1,2z = —1/12), then

bpo = sn' (n, k), bw, = K(k),
where
n = —(25 + 1/12)(z, — 2,)~". (18)
Hence the scattering angle 6 is given by
0+ 7= 2w — ¢) = 2F/, (19)

where
F =Kk —sn' (n, k) =sn™ (h, k),
F=0-a)1 - k).

Thus, for a given (8°, 8°) one must first solve
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Fi1a. 3. The test-particle scattering angle as a function of
the dimensionless impact parameter for three values of the
total energy parameter 8% (19). The dotted curves give the
corresponding classical scattering angles (20). The vertical
lines along the abscissa give the asymptotes 8.2 (11a) for
the solid curves. The curve 82 = 1 is for photons.

the cubic in (16a), then calculate k, b, n, or h,
and finally substitute in (19). This, and the computa-
tion of the elliptic integrals, is readily done by
machine,'® and some typical results are shown in
Fig. 3, which includes the photon case §° = 1,
and for comparison, also the classical scattering angle

0olnu = 2 COt_l (562)' (20)

If we want to use the pericentrum A2 instead
of 6 as orbital invariant, then from (5) to (8),

2= (1/12)(2 — 342, 2,5 = —i(z, F b)),
160" = [1 — (1 — 9437 [45¢4 — 34}

= (1 = 8432 — 47,
2k = 1+ (2 — 34)H@@p)7,
n’ = (40° — ADUY’ + 2 — 3457,

which substituted in (19) gives the scattering angle
as a function of 8° and A3, where the corresponding
classical expression is now [with A2 = 1 — 2m/r,
because of (2)]

oclasa = 2 COt_l [Bz(r2/m>(1 + 2m/,827'2)}]. (203‘)

Curves of 6(8°, A3) look very much like curves
of 0(62, 62).

16 The programming was done for an IBM 7090 by Ellen J.
Metzner, to whom I would like to express my sincere thanks.

(18a)
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The most notable feature of the results of Fig. 3
is that 6 becomes infinite as 6 — 6, (11a), or as
A} — A2 (12), whereas 6.,.., approaches 180° as
8 — 0 for all 8. This is due to the existence of aBI
and OI orbits: a TP with impact parameter § < 6,
or with pericentrum A} < A%, will always spiral
into the center of force. As Darwin already showed,
these minimum-approach distances are smallest for
photons, for which 62 = 27 and A2 = 3.

Darwin® also gave approximate expressions for
the photon (8° = 1) scattering angle in the two
limits § — « and & — §,. The former is, of course,
the well-known formula that gives the measurable
bending of light in the sun’s field,

0==24/6 = 4m/r, < 1, (19a)

obtained from (19) by using (2) and expanding in
inverse powers of 6. In the other limit we put § =
2741 + ¢ and expand in powers of ¢, which gives
Darwin’s result,

32N = 1 + 216(7 + 44/3)!

X exp [—(r + 0)]. (19b)

I. Differential Scattering Cross Section

Classically, and in units of m’, this cross section is'*
o(6) = csc 0 f(6),  f(6) = |8(ds/d)|.  (21)

Now in the last part of this section we saw that
# becomes infinite at a finite value of §. This means
first of all, that in addition to the usual infinity
in the forward direction, there is also one in the
backward direction, This is entirely due to the
csc 9 factor: The element of solid angle into which
TP’s are scattered becomes zero as 6 approaches
180°, while the area of the annulus about the incident
direction, from which they came, remains finite;
hence the number per unit solid angle goes to infinity.
Secondly, we have the fact that the TP’s scattered
into a particular element of solid angle, 2« sin 8 d§,
do not all come from a unique annulus, 278 d§,
but from an infinite sequence of ever smaller annuli
with radii tending to 4,: TP’s with & close to 6,
may make several complete revolutions about the
scattering center before emerging at some net angle
between 0 and . Thus, with 0 < 4 < =,

sin 6 o(6) = f(6)
+ ,,;i, [f@nm — 6) + f2nw + 6)]. (21a)

Figure 4 shows a plot of (21a) for photons, with
(upper curve) and without (lower curve) the sum
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terms. The principal term f(6) was machine cal-
culated from the data of the last part of this sec-
tion'®; and the sum terms, only the first of which
is numerically significant, were calculated with the
use of Darwin’s approximation (19b). The dotted
curve in Fig. 4 gives the corresponding classical
Rutherford cross section

SIin 6 04..s = sin 6 (487 sin* 6)7", (22)

evaluated for a particle moving with the velocity
of light. Both ¢ and o..,, have a 67* singularity
in the forward direction, where ¢ — ¢jqcs-

II. SOURCE OF THE GRAVITATIONAL FIELD:
EFFECT OF ITS SPATIAL DIMENSIONS
ON TEST-PARTICLE BEHAVIOR

A. Capture Cross Section of Source

Consider a parallel monchromatic beam of TP’s
incident from infinity with velocity 8. We now
introduce for the first time the fact that the source
of the field must itself occupy some of the space.
Thus TP orbits cannot come arbitrarily close to
the center of force without intersecting the spherical
surface (say at r = R or A> = A}) of the source

IOZ_
40f
0 |~
ot
£ 4t
b
1 1 1 L L 1 1 1
20° 60° 1\ 100° 140°
\ P
F1a. 4. The photon differential scattering cross section

(8* = 1) from (19), (21), and (21a), both with (upper curve)
and without (lower curve) the flux of those photons that are
scattered through more than 180°. The dotted curve gives
the Rutherford cross section (22) for a particle moving with
the velocity of light. The units are the square of the gravi-
tational radius.
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Fic. 5. The capture cross section (24) and (24a), in units
of the square of the gravitational radius, for a body of radius
R, as a function of A%(R), for various values of the incident
velocity 8 of the particles being captured. The dotted curve
gives the corresponding classical capture cross section (25)
for B8 = 0.25. The curve 8 = 1 is for photons. The curve
(R/m)? gives the geometrical cross section of the sphere. The
broken curve starting at Az* = 1/3 and asymptotic to
Ap* = } gives A2 as in (12).

body. In fact, a TP will be captured if its pericentrum
is less than the radius of the source body, i.e.,
if A2 < Aj}. The maximum impact parameter 8, of
those TP’s that are captured is therefore given by
substituting (8%, &%) for (%, ¥°) in (6) from (5),
putting the left-hand side of (6) equal to zero,
and replacing A® by A2, which results in

0 = 4[BAx(1 — ARIT[L — (1 — B)4%].  (23)

As expected, this has a minimum §2(11a) at 4} =
A? (12), so that TP’s with 8§ < 8, will be captured
no matter what the radius. This means that the
radius of a body with A2 < A%(8) cannot be meas-
ured by an asymptotic-scattering experiment using
TP’s with total energy parameter 8; and if 4; < %,
the radius cannot be measured by this means
at all, not even with photons. The capture cross
section is therefore

2m 8387,
2n (R, B%),

A%
A%

< 47,
> A3

(29)
(24a)

(R, F) =

This is shown in Fig. 5 for several values of 8.
For comparison, the classical cross section is shown
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for the case 8 = 0.25:
Eciass = 2”(R/m)2(1 + 2m/R482)1

and also the geometrical cross section 27 (R/m)*.

25)

B. Surface Emission: Escape Velocity

Following McVittie,® define the coordinate velocity
of a TP in its orbit by ¢ = df/dt, so that from

1), @), (),
¢ = A® — (ds/diy’ = A’[1 — (1 — gH4"].  (26)

A TP is able to escape to infinity if 8° > 0. Hence
the escape velocity from the surface of the source
body is given by putting 8° = 0 and 4° = 47
in (26), ;

= ARl — AR, @7

which has a maximum of % at 4; = 4. Thus it
might be tempting to say that, for a sphere shrinking
in size in the range A2 < %, it becomes easier
and easier for particles to evaporate off its surface
as the radius gets smaller and smaller. This is not
really the case, however. The velocities defined in
(26) and (27) are coordinate velocities only. A
more physical measure of TP velocity is the ratio
of the TP coordinate velocity to the photon coor-
dinate velocity. Since the latter, by (26), is simply
A? thisratiois 1 — (1 — g°)4° and the correspond-
ing escape velocity is (1 — A3Z), both of which are
properly monotonically decreasing.

2
Gescape

C. Surface Emission: Cone Effect

TP’s leaving the surface of the source body at a
small angle with the vertical are on OI orbits,
and have less angular momentum than TP’s leaving
almost tangentially, which must be on BI orbits.
However, if A7 < A2 then there is no BI orbit
tangent to the surface, and, a fortZori, no BI orbit
that intersects the surface at all, so that in this
case the TP must have less than a certain maximum
angular momentum in order to be able to escape
on an OI orbit. Hence the TP must leave the surface
within a certain cone about the vertical, otherwise
it will fall back again on an OA orbit. From the
point of view of Fig. 1, this simply means that
the TP’s potential o’ curve must be such that
its maximum lies below the TP’s horizontal energy
+? line. The semiangle of the cone, x(R), is defined
by the limiting OAa orbit, an orbit which neither
escapes nor falls back, but which asymptotically
approaches A% = A? from below.

A. W. K. METZNER

Now, if the orbit equation is r = r(g), or 4> =

A*(¢), then simple geometry gives
tan x = r(dr/dg)™" = r(dA*/dr)(dA*/de)". (28)

With the equation of the OAa orbit from Table I,
this gives, at r = R, the required semiangle as a
funetion of R and &,

tan x(B, 8°)
= R(dAy/dR)(AL — A3 72 — 242 — AL

As AZ — A?Z from below, the cone angle approaches
90°, ie., the effect vanishes. Since the largest
A? is } (namely for 8° = 0), this “cone effect”
plays no role for spheres with radii such that A2 > 3.

The following short table gives two numerical
examples (for 8° = 0 and 8° = 1) of the variation
with radius of the cone angle in the S metric (i.e.,
with 4> = 1 — 2m/r):

R/m 0 05 10 1.5 2.0 25 3.0 3.5 4.0
x(R, 0) 0° 30° 43° 54° 63° 71° 78° 86° 90°
x(R, 1) 0° 30° 44° 57° 75° 80° 90°

This i1s not an effect that can be “observed” in
any sense by a distant observer. In fact, the formula
shows that the magnitude of x depends on the
choice of the radial coordinate function A’(r).
By doctoring up A*(r) in the neighborhood of
any given point, we can make x anything we please
at that radius. We have discussed the effect here
for its intrinsic oddity; it does not seem to have
been treated quantitatively before.

There is another, related, even odder effect.
Consider the photon orbits, and imagine an observer
on the surface of a sphere of radius A7 < ¥ = 42
As he lifts his gaze above the geometrical horizon,
he will see regions of the surface beyond the horizon
by light travelling on OA orbits. At a certain
elevation he will see the antipodal point (assuming
enough light and sufficient resolving power) as a
ring around the horizon. At a still higher elevation
he will see a ring image of the back of his head,
then a second fainter image of the antipodal point,
then another of his head, and so on, an infinite
sequence converging in elevation to the angle
defined by the cone effect. Since the “sky’” will
be visible only within the overhead cone, the observer
will no doubt ask himself whether he is really on
the “surface’” and not deep in some ecircular well.
This is perhaps a typical example of the ambiguity
that many familiar concepts acquire in a realm far
from the classical.
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D. Surface Emission: Enhanced Angular Radius

Classically, photons travel in straight lines, and
the angular radius of a star at a large distance r
would be

Xelass = R/T (29)

Because of the bending of light, however, the photons
that form the outer edge of the observer’s disc
image of the sphere actually left the surface of the
sphere slightly beyond the geometrical limb, and
arrive on a curved trajectory making a greater
angle with the sphere-observer axis than the straight
line from the limb. These photons are on those BI
orbits that have a pericentrum distance equal to
the radius of the sphere, as long as that radius
has A2 > 1. For A} < %, and the photons that form
the edge of the observer’s image are those OI
photons that are emitted just inside the cone of
the previous section; i.e., those that just manage
to clear the potential hump in Fig. 1. Hence the
observed angular radius, when the real radius is
in this latter range, is independent of the real
radius, and is given by the angle that the OAa
photons make at the observer (which is the limit
of the angles made by BI photons as 45 — 3).

The observed angular radius then is given by
(28), where r is now the observer distance. Since
r is large, (2) applies, and (28) becomes

Xobs = (2m/r) lim |dA®/dg|™. (30)
A1

The BI orbit with pericentrum at A7 is given in

Table I and by (18a) with A} = A 7. By differentiat-

ing it with respect to ¢, and reexpressing dA”/de

as a function of A° and then taking the limit

A* — 1, one readily obtains

Xobs = (2m/M AL (1 — AR, @31

and

Xobs/Xclnss g AI_ZI‘ (32)

In the limit of large R the ratio (32) tends to unity
by (2), as it should. In the limit A; — %, the angular
radius in (31) tends to 27%/r, and the ratio in (32)
tends to V'3 ; these are, respectively, the smallest
possible observable angular radius, and the largest
possible magnification over the classical angular
radius.

This effect does not seem to have been discussed
before. It is extremely small in all practial cases.
For example, for the sun it comes to about 107*
seconds of arc in about 10° sec total, and for a
typical white dwarf at a distance of one light

MASSES
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F1c. 6. Model for the formation of two images, I and I’, of
the star S at B in the field of the gravitating body O. AB = b,
0OS = Lg, OA = L,. All angles are vastly exaggerated.

year it is about 107° sec out of 10™° sec total;
for the former, the effect is too small, and for the
latter the angular radius is too small in the first
place. In addition, there is no way of comparing
the observed angular radius with what it would
have been in the absence of the bending of light.
It might, however, be possible to get around'
this last difficulty by looking at the intensity
distribution across the disc image, especially toward
the limb; or by measuring the radar-signal travel
time. In the latter case, as the radar is beamed
at points closer and closer to the limb, the travel
time would become larger than one would expect

classically, and indeed infinite if 47 < 1.

E. Gravitational Lens Action

Lenslike effects of masses were already discussed
in 1936 by Einstein'’ and Zwicky,'”® and again
more recently by Darwin.® We discuss them here
merely to show the relation between the results
of Einstein and Darwin, and to point out an error
in the work of the latter.

Consider the situation depicted in Fig. 6: A star
S emits photons which are “bent” around the field
source O and reach an observer B. Assuming
b K L, K Lg, all angles are small. We may therefore
dispense with the exact photon equations, and
consider a model in which each light ray is bent
through the angle (19a) at a point on the per-
pendicular through O, as indicated in the figure.
Thus, from the figure,

6 =a+ x=4m/r,, (33)
x = nr/Lsg, a2 (r, — b)/Ly, (33"

16 T owe these suggestions to Professor P. Morrison and
Professor P. L. Hartman.

17 A. Einstein, Science 84, 506 (1936).

18 B, Zwicky, Phys. Rev. 51, 290 (1937); and pp. 216-219
of his book cited in reference 1.
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for the primary image, and similar relations with
primed quantities for the secondary image. Defining
o) = 4m/L4 and a® = 4mL,, one finds from (33)
and (33),

a, o’ = [(1 + b*/4a)t F b/2a], (34)

and
¢ =a’ ¢ x(Ls/La), (35)
¢ a0y (Ls/Ly). (35)/

Thus when the observer is in the symmetric position
(B— A),thend = 0, @ = o’ = oy, and the angular
radius of A’s “ring image” of S is @, as Einstein,
Zwicky, and Darwin found.

Let J be the absolute intensity of S. Then without
0O, its apparent brightness would be I, = J/4«L;.
But with O, it is

I = (J/4m)2x sin x dx/2r cos @ b db

= (J/4m) [x dx/b db|,  (36)
and similarly for the secondary image (I’). Therefore,
e= I+ 1IN/, = (a/b)1 + b*/2a%)

X (1 + b*/4a®7Y,  (37)
I'JI = |x' dx'/x dx|
= |¢’ do' /¢ do| = (ao/9)" = (@'/9)°
&~ [(1 + b¥/4a)? — b/2a]". 38)

The expression (37) for the enhancement factor e
of the total apparent brightness, is Einstein’s
result. Darwin calculated (I’/I), but because he
worked with angles rather than solid angles in
(36), he obtained only the square root of (38).
Both Einstein and Darwin have pointed out that
the magnitudes involved make these results more
or less irrelevant from the point of view of observa-
tional astronomy.

F. Conclusion: The Ultimate in Gravitational
Field Strength

We have seen that in the region A®> < % the
field rapidly becomes pathological, while for A > %
it differs only very little from the Newtonian
gravitational field. The question now is, how small
can A’ really be on the surface of the source body
without some contradiction within the framework
of general relativity? A precise answer to this was
given by Curtis,” who found that, if the trace
of the energy-momentum tensor is regarded as a
measure of the baryon number density in the interior
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of the source body (and this is the natural inter-
pretation), and if this sphere is so dense that the
velocity of sound has its maximum GR value ¢/ /3
throughout the interior, then A2 must be greater
than about 0.514, or otherwise the pressure would
become infinite at the center. According to this
argument, it is therefore a necessary conclusion
within the framework of GR that the exterior
field can extend only down to A* = 0.514 at most,
and the ultimate in gravitational field strength is
to be found in regions of space immediately outside
this.

While we believe Curtis’ arguments to be correct,
it is perhaps well to remember what was already
pointed out in the introduction, namely that
present theories of the structure of matter do not
seem to provide a mechanism that could prevent
a gravitational collapse. Once the properties of real
matter and radiation at these high densities are
understood, either such a mechanism will be pro-
vided, or it may well be that either Curtis’ result
on the velocity of sound or his interpretation of
the energy-momentum tensor may have to be
modified.

By way of conclusion we shall now enumerate
the principal properties of Curtis’ limiting sphere.

(i) Red shift. According to the Curtis limit, the
greatest red shift that could ever be observed is
Av/ve = 1 — A® = 0.486. Thus the visible spectrum
of the source could at most be shifted into the
near infrared, and a possible blackbody temperature
could at most be halved. Nevertheless, the red
shift is still the most important and the most
readily accessible measurement that a distant
observer can make on a large gravitating body.

(ii) Orbits. For the limiting Curtis sphere there
can be no circular TP orbits unstable with respect
to escape orbits (see Fig. 1), but in the range
0.514 < A® < 2 there could be circular orbits
unstable with respect to precessing ellipses. TP’s
would have to have ‘“‘angular momentum” a <
(15.2)* in order to move on OA orbits (from Fig. 1); in
particular, there would be no photon OA and
OAa orbits.

(iii) Scattering angles. The greatest possible
scattering angle for BI orbits with pericentrum
A; = 0.514 comes to about 740°, 285°, 110° for
g = 0, 0.2, 1, respectively, from (18a) and (19).
Darwin’s approximation (19b) for photons has no
practical significance for the Curtis limiting sphere.
Also, the extra terms in (21a) are zero, and the
photon-scattering cross section is given by the
lower curve in Fig. 4, except that it drops to zero
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at 6§ = 110°. For slower TP’s, however, the extra
terms might still have to be taken into account.

(iv) Capture cross section. Since by (12), % < 4% < 3,
the range A®> < A? is not part of the exterior.
Hence the capture cross section is given by (24)
without (24a), and does not become independent
of AZ. If the Curtis limit is valid, then the radius
of any conceivable body can always be determined
by an asymptotic scattering experiment.

(v) Surface emission. The “cone effect”’ plays no
role. The observed angular radius cannot become
independent of the actual radius, which can therefore
be determined in principle by this method too.
From (32) the Curtis sphere has Xobs/Xec1ass =2 1.4.

(vi) Gravitational lens action. An observer looking
at Curtis’ limiting sphere (O) could in principle see
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a secondary image of a star (S) 20° behind him.
All other stars lying between S and O would also
have one secondary image each within the angle
a, (34) of O. (If the Curtis limit is ignored, and
A® is assumed less than %, then the whole sky will
have an infinite sequence of images around O.
This is the situation discussed by Darwin.®) A
search for such a weighted, composite, spectral
image was suggested already long ago by Zwicky."
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The magnetic vector potential has been obtained for the case of a circular loop of current sur-
rounding a material core of a prolate spheroidal shape, by solving Maxwell’s equations and suitable
boundary conditions. It is shown that this vector potential consists of two parts; the first part is that
due to the loop alone, the second part being due to the presence of the core.

I. INTRODUCTION

N many problems relating to the scattering and

diffraction of electromagnetic waves by obstacles,
and also in the field of antennas, one attempts to
find the effect of a circular material cylinder of
finite length on an existing electromagnetic field.
The cylinder will, in general, have permeability and
permittivity different from those in free space and
may also be lossy. For example, one may wish to
know the effect of dielectric or magnetic loading
with a finite cylinder on a loop antenna. The author
discussed the case of loading a loop antenna with a
cylinder of infinite length in earlier papers''” where
it has been shown®that there is a decided gain ob-
tainable from such loading. Since an infinite cylinder
is never realizable in practice, an attempt was made
to analyze the case of a finite cylinder. Because of
complexities involved at the end of a cylinder, the
problem becomes very complicated. The nearest
approximation to a finite cylinder is a prolate
spheroid; and by adjusting the different parameters
involved in a prolate spheroid, it is possible to obtain
a simple analytical expression for the surface of a
finite cylinder to a reasonably good approximation.
The present paper will discuss methods of obtaining
the electromagnetic field quantities due to a circular
loop of current surrounding a prolate spheroidal
core. The dimension of the loop has been assumed
small compared to the free-space wavelength of the
field quantities involved, so the current through the
loop may be considered uniform.

For simplicity, the static case will be taken up
first and then the time-varying case will be discussed.

* A major portion of this work was supported by Labo-
ratory For Electronics, Inc., Boston, Massachusetts, with
whom the author was formerly associated.

!M. A. Islam, IEEE Trans. Antennas Propagation,
11 162 (1963).

2 M. A. Islam, “Analysis of an Electrically and Magneti-
cally Loaded Loop Antenna,’’ presented at the twelfth Annual

Symposium, USAF Antennas Research and Development
Program, University of Illinois, October 16-19, 1962.

The static formulation is useful in cases where one
is interested in finding the low-frequency impedance
of the system, the time-varying case is, however,
applicable to radiation problems.

The electromagnetic fields (both electric and mag-
netic) may be derived using equations involving the
desired fields directly, or one may use suitably
defined vector and scalar potentials, and then derive
the fields from the potentials thus obtained. This
latter method was used in the present case.

II. REVIEW OF ELECTROMAGNETIC
FUNDAMENTALS

Definition of Terms

H magnetic field intensity, A/m

magnetic flux density, V sec/m* = uH

electric field intensity, V/m

electric flux density = ¢E

dielectric constant, F/m

permeability, H/m

vector magnetic potential

scalar electric potential

1/(ue)* = phase velocity of propagating wave
in a medium of permeability u, and dielectric
constant e.

k w/v = wavenumber

w radian frequency

A

ft unit vector normal to the boundary surface

R L v i -

Other terms will be defined as and when required.

Description of Method for Solution

The method involves the solution of the homo-
geneous wave equation (time variation of the field
quantities according to the factor ¢~*“* understood),

VA + A = 0, 1)

in terms of a complete set of harmonic functions
with unknown coefficients. Then proper boundary
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conditions are imposed on this set of solutions to
determine the value of the unknown coeflicients.
The boundary conditions are, as usual,

ﬁx(Ez - El) = O)

i x (H, — H,) = the true surface current.

@

where subscripts 2 and 1 represent the values at
regions 2 and 1, respectively.

III. STATEMENT AND FORMULATION OF
THE PROBLEM

The problem is to find an expression for A at a
point in space having coordinates (g, £, ¢) in the
prolate spheroidal coordinate system due to a cir-
cular loop located at (7o, &) carrying current [
(assumed uniform throughout the loop) and per-
turbed by the presence of a material core (assumed
homogeneous and isotropic with permeability x4 and
permittivity €) located at the origin as shown in
Fig. 1. The shape of the core has been assumed to
be a prolate spheroid and so the prolate spheroidal
coordinate system will be used for convenience.
Thus, the problem is to solve (1) subject to the
conditions in Eq. (2), and that the solution must
be finite, single valued, and an outgoing wave at
infinity. The natural division of boundary is also
shown in Fig. 1.

IV. DESCRIPTION OF THE PROLATE SPHEROIDAL
COORDINATE SYSTEM

A set of prolate spheroids is obtained by revolution
about the major axis of a family of confocal ellipses.
These coordinates may be obtained by using the
conformal transformation in the w plane

W =24 4r = fcosh (u+ w)
= f cosh u cosv + if sinh u sin v.
Therefore,

z = f cosh u cosv; r = fsinh usino,

and
REGIONIIT
HFor€o
REGION I
Hor €0

F16. 1. Permeable prolate spheroid and a current loop. A
typical division of regions for applying boundary conditions.
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Tu=CONST

i I

Vs

v=T ﬁ Vo o
F oY%
f—r—if

Fic. 2. The prolate spheroidal coordinate system.

v=CONST

T = r cos ¢; y = rsin ¢.
Since
cosh® § — sinh® 6 = 1,
and
cos’ 0 +sin® 6 = 1,
therefore,

(f cf)s v>2 - (f sirn v)z =L

(}‘ cozsh u)z + (f si;h u>2 =1

These are sets of confocal hyperbolas and ellipses
which are shown in Fig. 2.

It is evident that the range of values that w and v
may haveare 0 < » < 7and 0 < v < «. A set of
coordinates may now be defined, in terms of u, v, z,

and y, as 9 = cosh u; £ = cos v; ¢ = tan™' (r/x).
Therefore,
W =z +ir = 2t + 4f[(n’ — DA — P,

dW = rd¢.
If the scale factors are now defined as

dW? = K d& + B dn® + B &',

then
he = |[dW/dg| = fl(n" — &)/ — )],
hy = [dW/dn| = fl(n* — £)/(2" = DI, ()
he = |[dW/de| = fl(" — DA — ).

In the simplest case of circular symmetry where a
loop of uniform line current is located at (5o, &)
(the current loop assumed as having linear dimen-
sion only, and dimensions of the loop are small
compared to wavelength of all field quantities in-
volved, so an assumed uniform distribution of cur-
rent throughout the loop is reasonable), only the
¢ component of the vector potential will exist, and
there will be no variation of any of the quantities
with respect to the ¢ coordinate. Under these condi-
tions, the vector Helmholtz equation (V*+%k*)A = 0
reduces to
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B[ a_m]_ 1
ay [(n D%, F =14

3 » 04 1
+5§[(1 _5)-&?]‘" 1 ___Eerb
+ f(n* = £)k*4, = 0. )

Static Case

The time-independent equation for the vector
potential is obtained from Eq. (4) by letting “%”
be equal to zero. One may now use the separation-
of-variable method of solution.

Let 4, = U(p)V(§), then

Vo 1FU 20U 1 1-8dT
U dy U dy 7 — 1 Vv
%dV 1
-+ V i ="~ a constant,
say N.

Using the standard argument that, since the left
side of the above equation is a function of 7 only,
and the right side is a function of £ only, and that
the equation must be valid for all values of % and
¢ which can vary independently of each other, the
expressions must be equal to a single separation
constant N, which is independent of both 5 and £.
An examination of the above expression with V
and { reveals that the solutions for V must be
regular at £ = =1. Under this condition, it is con~
venient to choose the form of the separation con-
stant N asn (n + 1), where n is a real positive integer
or zero,’ so the solutions may be written as a com-
bination of the associated Legendre functions.
Therefore, the separated equations are

d wdV 1
a’é[(l - E)“{EJ -+ [n(ﬂ-!- 1) — i“:‘éi]v =0,

a Y 1 _
dn[“_”)dn]+["("+1)"1-n2]{]"0‘

The solutions are, in terms of well-known Legendre
associated funetions,

V = C.P® + D.@.®,

U = E.P.(n) + F.Q\(n).

The condition that V must be regular at =1,
dictates that only PL({) is a permissible solution
for V. As for the solutions for U, either P:(y) or
Q.(n) or a combination of both, are permissible

3 See, for example, P, M. Morse and H. Feshbach, ﬂ[ ethods

of Theoretical Physics, Part IT (McGraw-Hill Book Company,
Inc., New York, 1953), p. 1285.
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solutions, depending on the region of validity for
these solutions. Also, since n's have discrete values
only (positive integers or zero), the complete solu-
tion for U’s and V’s will have to be summations
over all n's.

For example, if it is desired to find the static
vector potential due to a small loop at #,, &, carry-
ing uniform current I, which is perturbed by the
presence of a prolate spheroidal magnetic core of
surface 7, = constant (. < 1), and located sym-
metrically in the chosen coordinate system, then
it is possible to select three regions bounded by the
surfaces 7 = n, (Region I); n = m, 7 = 7 (Region
II); 7 = 5o, 7 =  (Region III). These are shown
in Fig. 1.

Therefore, it is possible to write the allowable
solutions for the static vector potentials for the
three regions as

AL = 3 B,PAOPUn) for 5 < m,
n=0
4,7 = Zﬂ [C.P&)Pu(n) + D.PQ.(n)]
for 7 <3< 9, (5)
A4, = Z_;EWP,’,(E)Qi(n) for 2 2> 5.

The superseripts (1), (2), and (3) with A, represent
the region of validity of the solutions. B,, C,, etc.,
are constants to be determined from the proper
boundary conditions, in Eq. (2).

At the boundary surface n = =, conditions of
Eq. (2) reduce to
Ac(bl) — 11;2)
_l_i (1) __li 2y _ n. (6)
Lo (AP = = - (1 A7) = 0;

using Egs. (3) and (5), the first of these becomes

5> [CPXOP) + DGR

n=>0

=2, &PL(&)PL@)}M :

nw=0

Observing now that, since the P,(£)’s are orthogonal
to each other, and that the above equation must be
satisfied for arbitrary &'s, it is possible to equate
this relationship, term-by-term, yielding

CnP:z(nl) + DnQ:t(ﬂl) = BnP]n(ﬂi)- (7)

Proceeding in an exactly analogous manner, the
second part of Eq. (6) yields
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B.P.(m) — K,C.P.(n;) — K,.D,Q.(n;) =0, (8
where

K, = u/uo
Eliminating B, from (7) and (8),

(Km - I)P}A(nl)Pn(‘”l) . (9)
" Pn(ﬂl)Q;(ﬂl) - KmP:L("h)Qn(ﬂl)

Similarly, at 7 = 75, Eq. (2) may be written as
A-q(b2) — A;-’i)

1 [La, oy 13 m]
hohy [ﬂo an (heds”) Ho O (hedts™)

= the true surface current.

is the relative permeability of the core.

D,=2¢C

(10)

Arguments similar to those for obtaining Eq. (7)
yield, from the first relationships of Eq. (10),

C.Pu(n0) + D.Qu(n0) = E.Qu(no). (11

Before attempting to simplify the second relation-
ship of Eq. (10), it is necessary to express the loop
current in a convenient form. Here it is evident
that the loop is located on the surface n = 7, the
other coordinate being & = &. Other than this
loop current, there is no true surface current on
the boundary between Regions IT and III. It is
possible, therefore, to express the true surface cur-
rent, using the Dirac delta function, as follows:

true surface current = (I/h;) 8(¢ — &).

The scale factor h;, is required in the above expres-
sion to obtain the value of the current in the proper
form. The second part of Eq. (10) then becomes
d d heh
3 (AD) = 5 (AL) = 222 T8t ~ £).
Carrying on the differentiation and utilizing Eqs.
(3) and (11), this will reduce to

©

1 9 5 1 _a_ 1
ZPW@@R@+D£@M%W

—Eﬂ@%@@]
= [(1 — &)/(ns — DIt — &).

It is evident here that, among the functions P.(n),
Qi(n), and Pi(%), only the angular functions P.(£)
may be made into eigenfunctions, and the radial
functions, Pi(n), @Q.(1), must, alone, satisfy the
boundary conditions, which is also apparent from
relationships Eqs. (7), (8), and (11), Assuming the
existence of a complete set of eigenfunctions P.(),

(12)

SPHEROIDAL CORE IN DIPOLE FIELD

1209

the Dirac delta functions 8(¢ — &) may be ex-
pressed as*

©

8 — &) = X2 3 PAOPIG),
n=0 n

where r is a weight factor which is equal to unity
in this case, and N, is a normalizing factor given by®

L_[(+J>@:Qqﬂ_F2£tLT
v, I"T2)m+D T L2rn+ 0]
Therefore,

1 1
g 2 n(n _l_ 1) Pn(E)Pn(EO)°
Substituting this value of 8(¢ — &) in Eq. (12),
and noting that, since the equation must be satisfied
for arbitrary £, and that the P.(¢)’s are a set of

orthogonal functions, the equation must also hold
for any particular n. Thus, (at n = o),

a 1 (9 1 6 1
—_ —_ __En._ o
Cu 32 Ph(n) + Dy Qi) = By Qi)

3 (1 - sﬁ)’@ 2n + 1

T\ —1/ 2 nn+1)
Using Eqgs. (11) and (13) and the following property
of the Legendre associated functions,

P.(&). (13)

nln + 1)
7 — 1

1N 9 _ pt i 1 _
Qn(n) py P.(n) — P.(n) py Q.(n) =
finally, one obtains

€, = —illl — &) — VP

wl 2n +1

X =5 o £ 17 P (£0)@n(n0). (14)

From Eq. (11),

E, = Cn[P;(ﬂo)/Q:.(ﬂo)] + D,.

Using this, plus Egs. (5), (9), and (14), the value
of 4, becomes

AP = [—iAQ — ) — DI}

pd = 2n+1 1 1 1 1
X —2 "Z=:0 n—z(n__l_ 1)2 PN(EU)Pn(WO)Pn(‘E)Qn(n)

oo e kel v 201
1[(1 fo)("lo 1)] 2 ,;,n2(n+ 1)2Pn<$0)
; 1m—nmmmmwwmq
X Q) p S0 — KoPim@uny | 19

Thus, A;> consists of two parts, the first part due

4 See, for example, P. M. Morse and H. Feshbach, Methods
of Theoretical Physics Part I (McGraw-Hill Book éompany,
Inc., New York, 1953), p. 828-832; also p. 729.

& See, for example, reference 3, p. 1274.
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to the loop only, and the second part due to the
presence of the permeable core. This result may
be compared with a previous result.’

Time-Varying Case

In Eq. (4), by letting 4, = U(n)V (§), the sepa-
rated equations are obtained. These are

_d_ _2@ (_22_ 1)
dn[(l ")dn]+B W 1—n2U

d 2 4V BT ) _
dg[(l—é)dg]-l-(B hE 1—£2V 0,
where B is the separation constant and h = fk.
It may be noted that, even though U and V satisfy
similar equations, as in the static case, the solution
for U involves its behavior in the range +1 to =,
whereas the solution for V involves its behavior
between the singular points —1 and 1.

Referring to Eq. (5) and Fig. 1, and following
similar arguments as in the static case, solutions
can be written for the retarded vector potentials
for the three regions, as follows:

AL = > 080, Djen(h, m) for 7 <,
l

0,

i

A:sz) = Z [Dtsu(hm E)jeu(hﬂ» 77)

i

+ E.81,(ho, £)heyi(ho, m)] for me > 92> my,
A.;a) = Z F.811(he, &heii(ho, m) for n 2> o,
7

(16)

where h, = fko = fw(uoeo)%. ¢y, D,, etc., are con-
stants to be determined from the proper boundary
conditions.

Functions, S,,(h, £) and S,;(ho, £) are known as
the spheroidal angle functions, and are related to
associated Legendre functions. Functions je;(h, 1),
hey (h, m), etc., are known as the spheroidal radial
functions, and are related to the spherical Bessel
and Hankel functions.” For convenience, the same
notations as used in reference 7 have been used
here also; additional information may be obtained
in references 8 and 9.

As in the static cases, here again the boundary
conditions in Eq. (2) at = 7, are applied, and,
following similar arguments, the condition

¢ W. R. Smythe, Static and Dynamic Electricity (McGraw-
HigOBook Company, Inc., New York, 1950), problem 25,
p- 302.

7 Reference 3, pp. 1502-1511.

8 J. A. Stratton, P, M. Morse, L. J. Chu, J. D. C. Little,
and F. J. Corbaté, Spheroidal Wave Functions (The Tech-
nology Press, MIT, Cambridge, Massachusetts, and John
Wiley & Sons, Inc., New York, 1956).

% C. Flammer, Spheroidal Wave Functions (Stanford Uni-
versity Press, Stanford, California, 1957).

MOHAMMED AZIZUL ISLAM

A;]) — ‘44(’2)
applied to Eq. (16) reduces to
[D.jes (o, m) + E heyi(ho, 1)1S1:(ha, £)
= Cyjer,(h, )81k, ).

Similarly, the second part of Eq. (2) applied to
Eq. (16), yields

17

d . .
18, (R, E)[E’ jew(k, m) + jeni(h, m) ;2 j_ 117:”

= K,.S;:(he, E){Dz[dg’f) jeri(ho, )

+ = Z 1 jeri(ho, 71):|
n
+ Ez[ad— hell(hm 77)
n

t+ o heulh, n)]} (18)

1="1

Eliminating C; from Eq. (17) and Eq. (18), finally,
. d .
E, = Dz{]eu(hm W)Slz(hm f)l:% ]611(h, "i)
n .
+ _é—_‘l ]ell(h‘: n):lSu(h, £
n

. d .
— K.,.8.:(h, E)[% jeri(ho, m)

+ "IZ Z 1 jeri(ho, 77)]81l(h1 £)jeri(h, "1)}
d

X {Kmsu(hm 5)[% heu(ho, ’7)

+ 7“75‘%‘_1‘ heyy(ho, n)]Sll(hy Bjevi(h, m)

- le(h, E)heu(ho, ﬂ)su(hm E)

d . . -
X [% jesith, m) + p 1 | Jeuslh, n)]}

1=

(19)

Some comments about the range of validity of
(17), (18), and (19) are in order. Since the factor
h is unequal to the factor h,, S;.(h, £) is different
from Si;(ho, £) in general. They are not orthogonal
to each other in any way. Therefore, if from (16)
one equates 4,0 = A,”, the following is obtained
for the boundary at 7 = #,:

IZ Ci8u.(h, O)jen(h, m) = lZ (D, jeii(ho, m)

+ Ezhexl(ho, ﬂl)]Su(hOy E)
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If both sides of above relationship are multiplied
by Sim(he, £) and both sides are integrated with
respect to £ between the limits —1 to +1, then
one obtains

i 1
Dl]ell(h(]y 7]1) '+" Elh6”<h0, 111) = A—(h—o)
1z

X [ 3 Cujenth, m)S.ulh, S:alh, ©) .

This is the result of the orthogonality conditions

/l] [Su(ho, E)]2 dE = Au(ho)y

f Syilho, ©)Sinlho, £ dE = 0, m = 1,

where A,,;(ho) is & factor as defined in reference 7.

Recalling that in the present case, only the low-
frequency solution is of interest, (in fact, only under
this assumption, the vector wave equation was
separable in the prolate sphroidal coordinate sys-
tem), it may be assumed that A° is very very much
smaller than unity. A study of the behavior of the
angular functions S;,;(h, £) reveal that for very very
small hz, Sii(h, &) ~ Suho, £) ~ Pi(¥).

Under this restriction, the coupling between the
different modes of the angular functions may be
neglected without involving any appreciable error
and we obtain the relationships (17), (18), and (19).
No such coupling, however, appears at the boundary
between Regions 11 and III. In a similar manner,
at n = n,, the first part of the boundary condition
of Eq. (2), i.e,,

A;3) = A;Z),
yields
D jei1(ho, m0) + Eiheyi(ho, no) = Fiheyy(ho, m0), (20)

and the second part of Eq. (2) becomes, as in the
static case,

i) d
57 [h¢A£2)] - 577 [h.,Af)]

h;’Z" wldE ~ &) ab 7= .

21

Here, again, it is evident that only the angular
functions 8i;(ho, £) could be made into eigenfunc-
tions, and the radial functions je,;(ho, u), hesi(ho, )
must, alone, satisfy the boundary conditions. Hence,
exactly as in the static case, it is possible to expand
the Dirac delta functions as a complete set of the
eigenfunctions’:

1211

36— &) = iy Sulho, 9Suulha, ),
where A;;(h,) is the square of the normalizing factor
defined by the equation A, (ko) = [, |Su|" dé.
The notation used is the same as in reference 7,
which may be consulted for further details about
this function.

Substituting this expression for the delta functions
in Eq. (21), and equating term by term, as in the
static case,

d .
{_‘Fz %} h€11<h0, "I) + D, d—"‘l ]ell(hl)) 77)

+ E, di_ hell(hm 77)}
n

=70

— <1 - £g>% I Su(hmfo)'
773 -1 Ho Au(ho)

Solving for D, from Egs. (20) and (22) leads to

D,
heu(hOs 170)

(22)

. d
[]ell(hOy ) d_'r] hey i (ho, m)

d .
- heu(ho, ’7) d_‘r) Jell(h()v 77)]

— _<1 — 5(2))%# I Su(hm Eo).
773 -1 0 Au(ho)

="ne

(23)

It can easily be shown that the Wronskian

.d d . i
Jer d—nhe” — hey, dn Jen = ho("72 -1

This applied to Eq. (23) immediately yields

1
Avi(ho)

X 81:(ho, Eo)keri(ho, o).

Dy = ipelho[(1 — E)(mz — D]
(24)
From Eq. (20),

F, = Dz jeu(hm "70)

E,.
he]l(hm "70) + &

Therefore,
ALY = duoIho(1 — E)(ms — D]}
1 .
x ZZ Aqi(ho) desi(ho, 10)Si(ho, £0)

X Sll<h07 E)keu(ho: "7)

+ IE Ezsu(ho, f)hen(hm 77)v (25)

where E, is obtained by substituting Eq. (24) into
Eq. (19).



1212

Discussion

As in the previous case, it is evident that the
first part of the expression for 4 in Eq. (25) is the
vector potential due to the loop only, and the second
part is that due to the presence of the permeable
core. If, for example, in the expression for E,; in
Eq. (19), & is allowed to equal k,, then K,, = 1
and E; reduces to zero, and Eq. (25) is left with the
expression for the loop only. This is, of course, what
would be expected. If it is desirable to find the re-
tarded vector potential due to a loop only, of radius
a, carrying current I, and located at v = 3w, ie,,
£ = 0, then, recalling the equation for the ellipse,

[/(f cosh w)]* + [r/(f sinh w)]* =

it is recognizable that

f cosh u = % major axis,

f sinh # = } minor axis.
Since at & = 0, the loop radius is a, therefore,

fsinhu = aq,
m = coshu, = (sinh® o + 1) = (a* + /S,

(o —Dr=a/f, A=8=1, k= fho.

Substituting these in the first part of Eq. (25), one
obtains the expression for A" for the loop only:
thus,

. 1
Af) = ipolak, Zl: I_X;(_h—o) Sll(hOy Eo)

X S1:i(ho, E)jeu(ho, noyhery(ho, 7). (26)

Using the integral representation for the vector
potential, and the expansion of the three-dimensional
Green’s function in a prolate spheroidal coordinate

MOHAMMED AZIZUL ISLAM

system,” it is easily possible to arrive at the same
expression as in Eq. (26), as follows.

From reference (7), the expansion of the Green's
function is (with m = 1, 9 > 1)

ikoR

€ o
R = 2’1,/60 Z A (h) Su(hm Eo)Su(ho: 5)

X cos (¢ — ¢o)jelz(ho, ﬂo)}wn(ho, "7);

also, from the integral representation of retarded
vector potential (¢*“* understood),

A _ I'L_O. [J]t r/v dT ,U()I IkOR
* 7 4r R

2r ';k R
_ M[“ f 5 cos @ — ¢0) d@ — ¢0)

_ #ola
= Lo ity 3 s Gy Sl &)

X S1:(ho, &)jeri(ho, no)her(ho, m).

X f cos’ (6 — ¢o) dld — o)

= iﬂolako Z A (h) Sll(h0| ‘EO)

X S1i(ho, E)jeri(ho, no)her(ho, ).
This is, of course, the same expression as in Eq. (26).
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A gap in the proof of Theorem 1 of the cited paper is filled.

ROFESSOR M. P. Schutzenberger has indicated

to the author that the argument in the cited
article on p. 207, 2nd column is incomplete. The
following substitute fills the gap:

On p. 207, 2nd column, in line 13 appears
a sentence ending ‘“‘is greater than one”. Con-
tinue with “To that end, temporarily consider
II* 1 + W(p)l, where now the product is over
all aperiodic cdls and so is the square of the
left-hand side of Eq. (1). Introduce the order
D, < D{' < D, < --- among the directed line
segments. With each aperiodic cdls is associated
a word w(p) in the D’s, which is lexicographically
least among its cyclic permutations. Let W(w) =
oW (p). Let A, be the set of aperiodic cdls p such
that D, occurs in p. For each p & A,, the cor-
responding word admits a unique factorization into
words, each of which begins with D,, and has no
other appearances of D;. Some of these words may
be of the form D;a, where neither D, nor D;!
oceurs in « and others may be of the form

Danx_l’YlDJ—l’Yz te Dl_l’Yk,

where neither D, nor D' oceurs in «, v,, - - -
Since

3 Ve

W(DlaDl_l'Yl ce Dl_l’Yk)
+ WD 'Di'y, - -+ D7)
+ W(DaD 'y, -+ Di'y;!

+ WD 'Di'y, -+ DU'y;Y) = 0,
the application of the Witt identity® yields
IT0+Wwpl =1+ dey,

pEA,
where ¢, is a formal (possibly infinite) sum of
monomials none of which has d; as a factor. Let 4,
be the set of aperiodic cdls p such that D' occurs
in p. Note that in general 4, N\ 4, # ¢. For each
p € A, the corresponding word admits a unique

factorization into words each of which begins
with D7, and has no other appearances of D;i'.
Some of these words may be of the form D['a,
where neither D;' nor D, occurs in « and others
may be of the form Di'aD,y, --- Dyy:, where
neither D;' nor D, oceurs in a, vy, *** , v+ The
analogue of the earlier argument yields

y []- + W(p)] =1+ d1€11y
pEAs
where €, is the same sum as before.
Let B be the set of aperiodic ¢dls in which neither
D, nor D;' appears. Then

Lo+ wel =0+ e
Bp
where €, is 8 formal sum of monomials, none of
which has d, as a factor.
In

(IL 0+ W II [+ Wl = 4+ de)’,
edls p € A, N A, have been counted doubly
while cdls pA,\A. (relative complement) and cdls
p € A;\4, have been counted singly. By an applica-
tion of the Witt identity'

1+ diens
= I n+wer= II 0+l
(I o+wen = (110 + W
I+ WLt IT 0+ el
{II\ 1+ WPl = 1+ die)’,
*o+wen={ II 0+7e)
XAIL I+ WOl = (4 + de'd + e,

1 S. Sherman, Bull. Am. Math. Soc. 68, 225 (1962), Eq. 1.
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and so

H* 1+ W[P]) = (1 4+ die ) + &)
=1+ dl(fu + eni€2) + €.

Thus, there are no monomial summands of the

right-hand side having factors of the form di with
n > 2. Analogous arguments dispose of monomial
summands with factors of the form d}, n > 2
foreachj, 1 < j < a.”’

This completes the proof and reader can go to the
section “Corollary on Coin Arrangements’ on p. 208.
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